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Zusammenfassung
In dieser Dissertation untersuhe ih eine groe neue Klasse vierdimensionaler su-
persymmetrisher Stringvakua, deniert als Kompaktizierungen des E
8
E
8
und
des SO(32) heterotishen Strings auf glatten komplex-dreidimensionalen Calabi-
Yau-Mannigfaltigkeiten mit unitaren Eihbundeln und heterotishen Funfbranen.
Dies ermogliht die Konstruktion phanomenologish interessanter Stringkompak-
tizierungen auf einfah zusammenhangenden Mannigfaltigkeiten insofern die
konventionelle Eihbrehung mittels Wilsonlinien ersetzt wird durh die Einbet-
tung niht-trivialer Linienbundel in die zehndimensionale Eihgruppe.
Im ersten Teil der Arbeit wird die Anwendung dieser Idee auf den E
8
 E
8
heterotishen String diskutiert. Auf die Denition einer groen Klasse grup-
pentheoretisher Einbettungen mit unitaren Bundeln folgt die Analyse der ef-
fektiven vierdimensionalen N = 1 Supergravitationstheorie. Das gleihzeitige
Auftreten von Funfbranen und abelshen Eihfeldern erfordert die Einfuhrung
neuer anomaliekurzender Gegenterme in die eektive Wirkung. Diese werden
ferner mithilfe einer M-Theorierehnung hergeleitet. Die vollstandigen Green-
Shwarz-Terme ermoglihen es, die Ein-Loop-Korrekturen der Eihkopplungen
zu berehnen. Aus dem eihinvarianten Kahlerpotential der Modulifelder leite
ih eine perturbative Ein-Loop-Modizierung des Fayet-Iliopoulos D-Termes ab.
Darauf aufbauend shlage ih eine Deformation der hermiteshen Yang-Mills-
Gleihung in erster Ordnung Storungstheorie vor und fuhre auerdem die Idee
der -Stabilitat als das perturbativ exakte Stabililtatskonzept ein, welhes die in
nullter Ordnung gultige Mumford-Stabilitat ersetzt.
Im folgenden deniere ih eine Klasse SO(32) heterotisher Vakua mittels
unitarer Bundel und heterotisher Funfbranen. Das sih ergebende Spektrum
steht im Einklang mit der S-dualen Typ-I- Theorie bzw. den Typ-IIB-Orientifolds.
Im Rahmen einer analogen Analyse der vierdimensionalen Supergravitation ndet
die vorgeshlagene Ein-Loop-Korrektur der Stabilitatsbedingung weitere Unter-
mauerung, indem die Korrekturen im heterotishen Bild als das S-duale Analogon
des perturbativen Anteils der -Stabilitatsbedingung identiziert werden. Let-
ztere ist als das korrekte Stabilitatskonzept in der Typ-IIB-Theorie bekannt.
Es folgt eine Darstellung der Konstruktion stabiler holomorpher Vektorbundel
auf elliptish gefaserten Calabi-Yau-Mannigfaltigkeiten mit Hilfe der Methode
spektraler

Uberdekungen. Daraufhin prasentiere ih semirealistishe Beispiele
SO(32) heterotisher Vakua mit Pati-Salam und MSSM-ahnlihen Eihsektoren.
Diese verallgemeinern, im S-dualen Bild, das Konzept von magnetisierten D9-
Branen auf toroidalen Hintergrunden zu niht-abelshen Braneworlds auf ehten
Calabi-Yau-Mannigfaltigkeiten.
Den Abshluss der Arbeit bildet die Konstruktion realistisher Vakua mit
ipped SU(5) GUT und MSSM Eihgruppe im Rahmen der E
8
 E
8
-Theorie
und auf der Grundlage der Einbettung von Linienbundeln in beide E
8
-Faktoren.
Einige der phanomenologish attraktiven Eigenshaften der stringtheoretishen
Realisierung von ipped SU(5) Modellen, insbesondere die Stabilitat des Pro-
tons, werden diskutiert. MSSM-artige Eihkopplungsvereinheitlihung ist fur die
auf Ein-Loop-Ebene korrigierten Eihkopplungen moglih. Ih konstruiere einige
explizite supersymmetrishe Stringvakua, sowohl mit GUT als auh direkt mit
Standardmodelleihgruppe, die genau die beobahteten drei Generationen hi-
raler Materie ohne weitere exotishe hirale Fermionen zeigen.
Abstrat
In this thesis we investigate a large new lass of four-dimensional supersym-
metri string vaua dened as ompatiations of the E
8
 E
8
and the SO(32)
heteroti string on smooth Calabi-Yau threefolds with unitary gauge bundles and
heteroti ve-branes. This opens up the way for phenomenologially interesting
string ompatiations on simply onneted manifolds in that the onventional
gauge symmetry breaking via Wilson lines is replaed by the embedding of non-
at line bundles into the ten-dimensional gauge group.
The rst part of the thesis disusses the implementation of this idea into the
E
8
E
8
heteroti string. After speifying a large lass of group theoreti embed-
dings featuring unitary bundles, we analyse the eetive four-dimensional N = 1
supergravity upon ompatiation. The simultaneous presene of ve-branes
and abelian gauge groups requires the introdution of new anomaly anelling
ounter terms into the eetive ation. These are also derived by an M-theory
omputation. The full set of Green-Shwarz terms allows for the extration of the
threshold orretions. From the gauge invariant Kahler potential for the moduli
elds we derive a modiation of the Fayet-Iliopoulos D-terms arising at one-loop
in string perturbation theory. From this we onjeture a one-loop deformation
of the Hermitian Yang-Mills equation and introdue the idea of -stability as
the perturbatively orret stability onept generalising the notion of Mumford
stability valid at tree-level.
We then proeed to a denition of SO(32) heteroti vaua with unitary gauge
bundles in the presene of heteroti ve-branes and nd agreement of the re-
sulting spetrum with the S-dual framework of Type I/Type IIB orientifolds. A
similar analysis of the eetive four-dimensional supergravity is performed. Fur-
ther evidene for the proposed one-loop orretion to the stability ondition is
found by identifying the heteroti orretions as the S-dual of the perturbative
part of -stability as the orret stability onept in Type IIB theory.
After reviewing the onstrution of holomorphi stable vetor bundles on ellip-
tially bered Calabi-Yau manifolds via spetral overs, we provide semi-realisti
examples for SO(32) heteroti vaua with Pati-Salam and MSSM-like gauge se-
tors. These an be viewed, by S-duality, as the generalisation of toroidal magne-
tized D9-branes to non-abelian braneworlds on genuine Calabi-Yau manifolds.
We nally disuss the onstrution of realisti vaua with ipped SU(5) GUT
and MSSM gauge group within the E
8
E
8
framework, based on the embedding
of line bundles into both E
8
fators. Some of the appealing phenomenologial
properties of this stringy realisation of ipped SU(5) models, in partiular stabil-
ity of the proton, are disussed. MSSM-like gauge oupling uniation is possible
for the threshold orreted gauge ouplings. We expliitly onstrut a ouple of
supersymmetri string vaua in both setups with preisely the three observed
hiral matter generations and without any exoti hiral states.
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Chapter 1
Introdution
1.1 Prologue: An invitation to String Theory
The quest for a fundamental theory of the observed gravitational, eletro-weak
and strong interations is one of the most pressing intelletual hallenges of our
time. Among the heritage of the past entury are two beautiful, omplementary
and intriguingly suessful attempts to desribe partiular orners of the physial
world we observe - General Relativity and Quantum Field Theory. It is well-
known that they both reprodue and predit a huge amount of empirial data with
breath-taking auray. It is equally well-known, however, that they are both
unaeptable as fundamental physial theories. They arry inside themselves
the seed for their eventual inompleteness in the disguise of unphysial innities
whih signal the inevitable breakdown of their validity.
General Relativity ollapses as a well-dened theory whenever a massive ob-
jet with a radius smaller than its Shwarzshild radius ollapses under its self-
gravitation to form a blak hole. What is puzzling is that even though the initial
onditions involve a well-dened extended objet, like a suÆiently heavy star
undergoing the nal stages of its evolution, the dynamial laws of gravity fore
this mass to ontrat to a pointlike massive objet with a formally innite density.
One might argue that the very onept of pointlike objets, familiar from lassial
mehanis, is merely an idealisation and no reason to worry, but the situation
just desribed is of a totally dierent genre. We start with very physial and
sensible initial onditions, and are inevitably driven, by the equations of motion,
into a regime where some of the most fundamental assumptions of the theory
suh as the notion of spaetime as a smooth manifold break down. Clearly, as a
pragmati outside observer we will never be aeted by the unphysial enter of
the blak hole due to the event horizon surrounding it. But the theory is inom-
plete in the sense that there exist situations inside its domain of regime to whih
it annot be sensibly applied. Apparently, at some stages of suh a pathologial
proess, Nature obeys dierent laws of gravity.
Quantum Field Theory breaks down when a harged matter partile interats
with the vetor bosons oupling to the, say, eletro-magneti eld it soures -
3
even the rst loop diagram in Quantum Eletrodynamis related to the self-
energy of the eletron formally diverges. Again we an - and do - hide the
innity for pratial purposes by introduing a uto, and the fat that it is
possible to extrat non-trivial information using this tehnique of regularisation
and renormalisation at all is ertainly a mirale by itself. Still, the need for suh a
proedure is unsatisfatory beause it indiates the breakdown of the dynamial
laws at high energies. In both ases we fae the paradox that we have at our
disposal a powerful formalism in triumphant agreement with experiments and
observations whih at the same time is inomplete as a physial theory. It yields
an empirially suessful eetive desription of ertain phenomena after we agree
to integrate out those high energy degrees of freedom whih are apparently not
aounted for orretly.
The situation is not ameliorated if one takes into aount the mutual inom-
patibility between the lassial, deterministi harater of General Relativity and
the intrinsially probabilisti nature of Quantum Mehanis in its onventional
interpretation as the oneptual foundation of Quantum Field Theory. At this
stage by the very latest one annot lose one's eyes any longer sine physial
proesses at suh high energies that the gravitational interation annot be on-
sistently negleted require, and be it merely for the sake of an eetive approah,
a genuinely quantum desription of gravity together with the other fores.
Apart from these indisputable oneptual issues there is an aestheti one. It
is often stated that the Standard Model of Partile Physis ontains at least 19
free parameters in the form of the masses and ouplings of the observed partiles.
This is an optimisti point of view, beause, if one wants to be maliious, it
atually involves an innite number of free parameters. A theory should not
only explain what we observe, but also what we do not observe
1
, and Quantum
Field Theory knows of no underlying intrinsi priniple whatsoever whih singles
out the Standard Model inside the moduli spae of anomaly-free gauge theories
- exept that we happen to observe it.
The ultimate goal of String Theory [1{7℄
2
is none less than to overome all
these diÆulties and to provide a onsistent ultra-violet ompletion of both Quan-
tum Field Theory and General Relativity. What is remarkable is that one and
the same onept appears to have the potential to takle both hallenges simul-
taneously. The basi idea is to avoid the innities of Quantum Field Theory
by smoothening the apparently unphysial interation verties, thus leading to
ultra-violet nite loop amplitudes. This is the purpose of introduing the notion
of one-dimensional extended objets as the fundamental entities. Everything else
is fored upon us by requiring a onsistent quantisation of the lassial theory of
the string propagating in spaetime. Kinematially, this is a very onservative
approah in that it rests upon the well-established priniple of general ovariane
1
We are aware that, depending on their epistemologial bakground, the reader may or may
not agree with this argument.
2
Classi textbooks inlude [8{12℄.
4
of spaetime and assumes the standard axioms and methods of Quantum Me-
hanis
3
. What makes the theory revolutionary are rather the dynamial laws it
predits in the genuinely stringy regime and even more so the way how these laws
are derived just from requiring onsisteny of the theory. Basially without any
further input than the kinematial pillars just quoted the two dynamial san-
tuaries of modern physis inevitably follow in the low-energy limit: Einstein's
gravitational equations and the onept of gauge interations.
It is important to stress that the struture of the fundamental laws governing
the low-energy phenomenology of the universe omes out almost as a byprod-
ut. The peaeful oexistene of gravity and Yang-Mills theory at the quantum
level in String Theory is an immediate onsequene of the presene of losed
and open strings as the only two topologies whih a one-dimensional objet an
exhibit. The role of the graviton is played by the massless spin two exitations
of the losed string, and Einstein's equations follow by requiring Weyl invari-
ane of the non-linear -model desribing the string propagation on a (urved)
bakground manifold. The latter is equivalent to the onformal symmetry of the
two-dimensional string worldsheet to be anomaly-free, whih is one of the on-
sisteny onditions for the theory to make sense, more preisely for the absene
of negative norm states in the Fok spae. The Yang-Mills gauge bosons, by
ontrast, are furnished by the massless open strings or, in a dual desription,
partiular massless exitations of the losed heteroti string. In any ase, one
we observe in our theory Yang-Mills interations, we automatially observe grav-
ity as well, beause a theory of open strings neessarily requires the presene
of losed strings. This is ditated by another onsisteny ondition, namely the
anellation of ertain infrared divergenes in the one-loop amplitude whih are
related to the presene of a tadpole. Ironially, whereas in onventional Quantum
Field Theory it seems impossible to desribe both Yang-Mills theory and gravity
at the quantum level, in String Theory, it is impossible to observe Yang-Mills
theory without inorporating gravity.
The way how the dynamial laws of gravity are modied at higher energies or
at smaller distanes makes it furthermore oneivable that the drasti urvature
singularities of blak holes or the Big Bang might be resolved [13℄. These ques-
tions are related to the emergene of stringy or quantum geometri properties of
spaetime as seen by suitable string probes [14℄. In swithing the point of view
from target spae to the string worldsheet, the fundamental physial onept is
no longer lassial spaetime but the way how the string propagates along it. In
this piture lassially unaeptable singularities are no oneptual issue provided
they leave the theory of the string probing it well-dened. The implementation
of a holographi priniple [15℄ in the ontext of the AdS/CFT onjeture [16,17℄
and the spetaular mirosopi omputation of the internal degrees of freedom of
(at least BPS) blak holes [18℄, in perfet agreement with their thermodynamial
entropy, are further piees of evidene that String Theory really inludes the or-
3
It has therefore in its present formulation nothing to say about oneptual issues of the
interpretation of Quantum Mehanis and related questions.
5
ret number of degrees of freedom to yield a onsistent desription of Quantum
Gravity.
At the same time, the theory gives rise to ertain general features whih are
not neessarily fored upon us just from the urrent low-energy experiments and
observations, but nonetheless enjoy popularity among many phenomenologists.
The most prominent example is the predition of extra dimensions - based on
the renowned theorem that String Theory is well-dened only if the target spae
is ten-dimensional
4
. Furthermore, every onsistent, i.e. tahyon-free and stable
string theory in ten dimensions is automatially supersymmetri - out of the
four possible denitions of a modular invariant one-loop amplitude two lead to
a stable and supersymmetri spetrum, the remaining ones suering from the
presene of tahyons in ten dimensions. Both these features - extra dimensions
and supersymmetry - are of ourse often onsidered for purely phenomenologial
reasons in bottom-up approahes - e.g. in Randall-Sundrum-like brane-world
senarios [20℄ or to aount, among several other things, for the weak hierarhy
problem by means of low-energy supersymmetry. In String Theory, by ontrast,
there is nothing ad ho about the emergene of this extra struture whih has so
far not been observed in experiments - it is a logial onsequene
5
of the string
onsisteny onditions.
The ruial test whih String Theory has to pass in the long run is whether
it an make more expliit ontat with the low-energy physis of the Standard
Model than to aount merely for the strutural foundations of gravity and Yang-
Mills theory. To appreiate what a diÆult endeavour this may be, we should
keep in mind that the Standard Model in its present version ould only be formu-
lated with the help of huge amounts of data just around the weak sale, i.e. at
distanes of 10
 18
meters, where it is a good desription of Nature. We would not
have the least idea of the existene of QCD or the details of the weak setor if all
our experiments were restrited to the sale of, say, some meters. Unfortunately,
this is preisely the situation we fae today in trying to reonstrut the physis at
the Plank sale of 10
 35
meters just from our empirial data. One single ollider
experiment at these energies would ertainly be enough to deide immediately
whether or not String Theory is realized in Nature. It is thus obviously wrong
to laim that String Theory is in priniple not falsiable as a physial theory.
After all it is as big a oneptual shortoming of String Theory not to lead to
unique preditions at the TeV sale as it is a oneptual shortoming of Quantum
Chromodynamis to make no preditions whih Kopernikus ould have falsied
4
This is atually an oversimpliation sine what is really predited is the total onfor-
mal anomaly of the worldsheet elds whih has to anel that of the Faddeev-Popov ghosts.
Attempts to inlude elds dierent from additional spaetime oordinates lead to so-alled non-
ritial String Theory in lower dimensions [19℄. Their use for phenomenologial appliations is
yet to be understood. The 26-dimensional bosoni string, by ontrast, is unstable due to the
presene of a losed tahyon, and it is still unlear if it might be related to a lower-dimensional
string theory upon tahyon ondensation.
5
For the ase of extra dimensions this is true modulo the remark in footnote 4.
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with the help of his telesope (or at most a magnifying glass). Even more re-
markable is it that there exist important theoretial arguments of the type just
reviewed that String Theory might well aount for Nature's ultra-violet degrees
of freedom.
The standard approah towards desribing our four-dimensional world from
the point of view of String Theory is to desribe the extra dimensions as om-
patied on a small six-dimensional spae. The idea is that the innite tower of
Kaluza-Klein modes deouples from the four-dimensional theory at low energies
and only the massless modes give rise to the observed matter. This logi leads to
a geometrisation of the laws of four-dimensional physis whih are enapsulated
in the topologial and geometri details of the ompatiation manifold. The
bakground manifold itself and the values of the bakground elds, i.e. the possi-
ble vauum expetation values of the internal omponents of the string elds, are
subjet to strong string theoreti onsisteny onditions whih dene the resulting
four-dimensional eetive theory as a solution of the equations of motion.
It is in this sense that String Theory overomes the arbitrariness inherent
to any phenomenologially motivated bottom-up approah like the Standard
Model: There exists a single underlying theory with a number of eetively four-
dimensional groundstates. The phenomenon that a physial theory admits more
than one solution to its equations of motion is of ourse well familiar. Clearly,
General Relativity does not predit the spei distane between the earth and
the sun. Rather, this is the phenomenologial input required in order to identify
the spei solution to Einstein's equations ompatible with these initial ondi-
tions, on the basis of whih we then extrat all further information. Nobody
would laim that this justies disarding the laws of General Relativity.
To keep the analogy, a question of prime importane in String Theory is thus
to determine whih of its solutions are ompatible with the properties of our
vauum at all energies up to whih we an rely on experimental input. More
learly: Are there realisti four-dimensional string vaua and, if so, how dense
do they lie in the total solution spae of String Theory? Up to whih energy do
we have to measure suh that there is only one vauum left ompatible with all
data up to that point? And nally, given that hypothetial vauum, does it make
further preditions (possibly at higher energies) whih we an verify or falsify?
Or is there a dynamial mehanism, probably non-perturbative in nature, whih
singles out some stable solutions over others?
At the moment we are far from a denite answer to any of these questions.
The number of meta-stable four-dimensional string vaua making out the string
landsape [21{23℄ is urrently estimated to be of the order of 10
500
[24℄ (see
also [25℄ for an early estimate), whih seems omputationally out of any reah [26℄.
At least, the number of stable vaua appears to be nite. This is already a big
suess as ompared to the even vaster spae of anomaly-free and renormalisable
eetive quantum eld theories whih an be onstruted without a onsistent
oupling to gravity [27℄. We are by now not aware of a genuinely non-perturbative
7
formulation of the theory, and most investigations are tied to highly non-generi
perturbative orners of the moduli spae of the hypothetial underlying M-theory.
Our available tehniques are restrited to the omputation of the very basi low-
energy properties of a given vauum. In short, we need to understand the theory
better. But we an nonetheless start and investigate some relevant features of at
least those domains in the moduli spae whih are aessible to us at this stage.
This is the objetive of String Phenomenology.
1.2 Classi heteroti model building
Historially, the earliest attempts of string model building foused on the het-
eroti string [7℄. Its worldsheet theory ontains dierent elds in the left- and
right-moving setor. In its fermioni formulation this is easily understood as
follows: The right-moving elds are the same as in the orresponding setor of
the superstring, i.e. ten worldsheet salars X

 
transforming as 8
V
under the
little group SO(8) in ten dimensions and their superpartners, the worldsheet
Majorana-Weyl spinors  

 
. Together with the superonformal ghost system, the
right-moving onformal anomaly is anelled. The left-moving setor, by ontrast,
omprises, apart from the left-movingX

+
, another 32 worldsheet Majorana-Weyl
spinors 
A
+
whih are singlets under SO(1; 9). Sine the left-moving system is not
supersymmetri, again the ritial number of now 26 bosoni degrees of freedom
is present to anel the ghost onformal anomaly. The physial states arise as the
tensor produt of the right-moving and the left-moving exitations. There are
two fully onsistent hoies to assign periodi or antiperiodi boundary onditions
to the 
A
+
. If all of them arry the same boundary onditions, the left-moving
setor exhibits an SO(32) global symmetry whih is atually promoted to a gauge
symmetry. This an be most easily understood already from the appearane of
a massless state in the 8
V
of SO(8) and arrying antisymmetri indies A;B
under SO(32) - the gauge boson. Sine the full spetrum ontains states in the
even-rank tensor representations and those related to one of the two spinor rep-
resentations of Spin(32), the gauge symmetry is atually not SO(32) but rather
Spin(32)=Z
2
6
. If by ontrast, the 
A
+
pair into two groups, eah with the same
boundary onditions, the naive gauge symmetry Spin(16)  Spin(16) is in fat
further enhaned to E
8
 E
8
upon performing a GSO projetion.
In both ases, the massless bosoni setor omprises, in addition to the ve-
tor bosons, gauge singlets whih deompose under SO(1; 9) into the spin two
symmetri traeless representation, the graviton, furthermore the antisymmet-
ri representation, yielding the Kalb-Ramond B-eld and nally a salar, the
dilaton. The spaetime theory is N = 1 supersymmetri and therefore ontains
likewise the fermioni superpartners of all bosoni states.
At energies muh smaller than the lowest lying massive states, the eetive
6
In standard abuse of notation we will, however, stik to the misnomer SO(32) heteroti
string.
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theory is dominated by the massless modes we have just reviewed. In partiular,
one an think of appropriate oherent states of the massless elds as determining
the bakground onguration probed by the string. In that sense, the bakground
metri of the spaetime manifold on whih the string propagates is to be viewed as
a non-trivial vauum expetation value for the graviton. Similarly, we an think
of bakground values for the eld strength of the antisymmetri tensor eld, for
the dilaton and the Yang-Mills gauge eld. The bakground elds are subjet
to a number of strong onsisteny onditions sine they have to be solutions to
the stringy equations of motion. These will be reviewed extensively in hapter
2. SuÆe it here to reall that in the simplest ase, where the dilaton eld is
onstant and the three-form eld strength vanishes, the six-dimensional manifold
on whih we ompatify has to be Calabi-Yau to ensure N = 1 supersymmetry
and therefore physial stability at the ompatiation sale [28℄
7
.
In the presene of bakground values for the massless string elds, the world-
sheet ation desribing the propagation of the string is the (0; 2) -model [29,30℄,
whih in favourable irumstanes an be rephrased in terms of a linear -
model [31℄. The resulting onformal eld theory is a highly ompliated and
non-trivially oupled system whih, up to now, has not been solved for the generi
ase.
There are in priniple two dierent approahes to bypass this tehnial dif-
ulty. One an either fous on very speial bakground manifolds on whih
the worldsheet theory is still exatly solvable as a onformal eld theory (CFT).
Cases where this is feasible are toroidal orbifold ompatiations [32{35℄, or
very symmetri points in the moduli spae of genuine Calabi-Yau manifolds or-
responding to exatly solvable abstrat CFTs suh as Gepner models [36, 37℄.
Slightly dierent CFT methods inlude free fermioni [38℄ and free bosoni [25℄
onstrutions. The advantage of the CFT approah is that whenever we have an
exatly solvable onformal eld theory at our disposal, its information is exat
both perturbatively and non-perturbatively in 
0
. Unfortunately this tehnology
is urrently appliable to only a small fration of relevant bakground ongura-
tions. Alternatively, one an try to analyse diretly the spaetime eetive eld
theory in the zero mode approximation. This approah is valid only in the stritly
perturbative regime, i.e. for the typial radius of the bakground manifold muh
bigger than the string length and for suÆiently small string oupling. In other
words, it is in a way insensitive to many genuinely stringy elements of the the-
ory, but it is suÆiently powerful as far as an analysis of the vauum states is
onerned
8
.
This geometri approah was pioneered in [28, 39℄ soon after the formulation
of the heteroti theory. What makes the E
8
 E
8
string so attrative for model
building is the natural way how the standard semi-simple GUT gauge groups E
6
,
7
Extended supersymmetry in four dimensions would of ourse also lead to stable ongura-
tions.
8
We will desribe the methods of this latter eetive or geometri approah in great detail
in hapter 2.
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SO(10) and SU(5) arise as subgroups of E
8
. Consequently, the task is to break E
8
down to one of these GUT groups by giving VEVs to the internal eld strengths
in the ommutant of the nal gauge group. For the ases just listed these are
SU(3), SU(4) and SU(5), respetively. Aordingly, the 248 representation of E
8
splits into the respetive GUT multiplets whih inorporate the hiral fermions
of the Standard Model. Consistent E
6
GUT models, for example, are espeially
straightforward to obtain by identifying the SU(3) eld strength with non-trivial
bakground value with the urvature of the tangent bundle of the Calabi-Yau
manifold. In that ase the supersymmetry onditions for the gauge elds implying
in partiular the Yang-Mills equation of motion are automatially satised. The
number of 27 and 27 are simply ounted by the Kahler and omplex struture
moduli of the Calabi-Yau and one might think that all one needs to do is searh
for appropriate geometri ongurations. Unfortunately, E
6
is not very attrative
as a GUT group from the phenomenologial point of view sine its fundamental
representation 27 deomposes into 16 + 10 + 1 upon breaking E
6
to SO(10)
so that one GUT generation of E
6
yields not only one full generation of MSSM
matter in form of the 16, but additional hiral exotis.
To arrive at the phenomenologially more appealing SO(10) and SU(5) se-
narios, one has to onstrut stable holomorphi vetor bundles with struture
group SU(4) and SU(5) respetively [39℄. The mathematial property of sta-
bility essentially guarantees that the bundle allows for a onnetion whih is a
supersymmetri solution to the Yang-Mills equations. To prove stability for a
bundle is already a very hallenging task from the mathematial point of view
and it took until 1997 that a suÆiently general proedure was found to onstrut
suh stable SU(N) bundles on a large lass of Calabi-Yau manifolds, the spetral
over onstrution [40,41℄. However, in onventional stringy GUT senarios it is
impossible to realize the GUT breaking further down to SU(3)SU(2)U(1)
Y
via a eld theoreti Higgs mehanism, simply beause the required vetor-like
pairs from whih the GUT Higgs ould arise are not present in the partile spe-
trum
9
. To break SU(5) down to the Standard Model group, for example, the
Higgs eld must transform in the adjoint representation of SU(5), but we will
see that the four-dimensional bosoni partile spetrum ontains only one vetor
multiplet in the 24, the gauge multiplet, and no further suh states. To our
resue omes the use of Wilson lines as an alternative GUT breaking mehanism.
Wilson lines are globally non-trivial bakground values of the gauge onnetion
whih loally are pure gauge and therefore indue a vanishing bakground eld
strength.
This onsiderably ompliates the onstrution of heteroti Standard Model
vaua. The point is that in order to have these Wilson lines at our disposal, we
need non-trivial elements in the rst ohomology group of the internal manifold,
i.e. homotopially non-trivial one-yles along whih the onnetion one-form an
take a non-zero VEV. Now on general grounds, a Calabi-Yau an never admit
9
Note, however, that in the ontext of higher-level Ka-Moody algebras GUT Higgses an
be realized.
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ontinuous Wilson lines, i.e. elements of H
1
(M;R), but at most torsional ones
as non-trivial elements of H
1
(M;Z). This means that we have to onstrut
non-simply onneted Calabi-Yau manifolds suh that their Wilson lines are just
right to break the GUT group to the MSSM gauge group. For example, Z
2
-valued
Wilson lines break SU(5) down to SU(3)  SU(2)  U(1)
Y
, whereas Z
2
 Z
2
-
valued ones produe one additional abelian gauge fator U(1)
B L
[42℄. While
this gauged U(1)
B L
helps to suppress proton deay, it poses the problem that
dierent eets have to be invoked in order to break it to a global symmetry. The
same holds for SO(10), whih requires at least Z
3
Z
3
Wilson lines and likewise
ends up with an additional U(1)
B L
.
Finding Calabi-Yau manifolds with suh rst fundamental groups is one more
a highly non-trivial task, and it has been one of the reent triumphs of string
model building to provide lasses of suh Calabi-Yau manifolds as quotients of
manifolds under an appropriate freely-ating orbifold group and to onstrut non-
abelian vetor bundles on them [43{48℄. Globally dened realisti models from
SU(5) GUT on manifolds with Z
2
Wilson lines in this ontext have been provided
in [49℄. For non-supersymmetri models from SO(10) using Z
3
Z
3
Wilson lines
see [50, 51℄. A reent onstrution of promising models in the setup of heteroti
toroidal orbifolds an be found in [52℄.
1.3 Unitary bundles in heteroti ompatia-
tions
Independently of the heteroti model building industry, the disovery of D-
branes [53℄ has opened up a omplementary - or rather dual - path to inor-
porating gauge interations into String Theory, more preisely the Type II the-
ory or orientifolds thereof. A stak of N oinident D-branes aommodates a
U(N) gauge eld in form of the massless modes of the open strings whose both
ends are attahed to the brane. Soon it was realized that two staks of suh
branes interseting at a non-trivial angle feature hiral fermions in the bifunda-
mental representation of the two unitary groups [54,55℄. This had the prospet of
onstruting MSSM-like models from type IIA orientifolds whih live at the four-
dimensional overlap of several staks of D6-branes wrapping in addition speial
Lagrangian three-yles on the internal Calabi-Yau and interseting at super-
symmetri angles [56℄
10
. On the other hand, it turns out extremely diÆult to
extend this lass of onstrutions to non-toroidal bakgrounds. What hampers
progress into this diretion is the speial Lagrangian ondition for supersymmet-
ri three-yles. Being real in nature, this onstraint annot be takled with the
help of omplex geometry and is rather hallenging to ope with. Instead one
might try to invoke abstrat CFT methods and onsider rational onformal eld
theories orresponding to orientifolds at the Gepner point of ertain Calabi-Yau
10
For a omplete list of referenes exploiting this idea see e.g. the most reent review [57℄.
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manifolds
11
, but again this strategy is not appliable to more generi situations.
The arhiteture of the Interseting Brane World models diers from the
E
8
 E
8
approah in that, instead of starting from one unifying group and then
aomplishing favourable gauge breaking, one ombines a number of separate
U(N) modules given by the various brane staks to mimi the produt struture
of the MSSM gauge group or modiations thereof like Pati-Salam or left-right
symmetri models. But are the onstrutions really so dierent? The objets
mirror dual to D6-branes at angles in Type IIA theory are spaelling D9-branes
in Type I theory, endowed with non-trivial bakground eld strengths for the
abelian diagonal of the U(N) gauge group. These magnetized branes in turn are
S-dual to abelian bakground bundles in the SO(32) heteroti theory. The natural
subgroups of SO(32) are indeed just U(N) groups, and we an therefore interpret
the interseting brane piture as the geometri realisation of the breaking of
SO(32) into its U(N) subgroups via abelian bakground bundles.
It is thus of obvious relevane to explore the usually negleted use of non-
trivial line bundles
12
in heteroti ompatiations with the hope of extending
our model building possibilities beyond the lassi embedding of vetor bundles
with vanishing rst Chern lass only. Likewise, one might wonder if turning
on also non-abelian gauge bundles on D9-branes wrapping genuine Calabi-Yau
manifolds in Type I leads to interesting onstrutions. Sine the supersymmetry
ondition on the gauge bundles is holomorphi, there is reason to hope that this
bypasses the tehnial diÆulty whih the onstrution of speial Lagrangian
submanifolds poses on the Type IIA side.
It is the aim of this thesis to investigate these questions.
Our main motivation stems from the interpretation of disrete Wilson lines as
at abelian bundles whih are embedded into the ten-dimensional gauge group.
As we pointed out, the onstrution of Calabi-Yau manifolds with non-trivial rst
fundamental lass is very involved. In fat, the only known example featuring e.g.
Z
3
Z
3
Wilson lines neessary for SO(10) GUT breaking is the one onstruted
in [46℄. Arbitrary line bundles, by ontrast, are omparatively straightforward
objets - on Calabi-Yau manifolds they are simply determined by speifying their
rst Chern lass as an element in H
2
(M;Z). If it were possible to replae the
GUT breaking through Wilson lines by the embedding of non-at line or more
general unitary bundles, this would open up the very interesting prospet of
heteroti string model building on simply-onneted manifolds.
The relevane of progress into this diretion beomes even more obvious if
one takes into aount the following ruial aspet: Eventually all realisti model
building ativities have to be extended beyond the speial ase that the internal
manifold is Calabi-Yau. The underlying rationale is that the geometri moduli of
the internal manifold as well as the dilaton appear as massless elds in the four-
dimensional eld theory and are as suh unaeptable from the phenomenologial
11
Reent progress in the onstrution of Type II orientifolds of Gepner models has been made
in [58{63℄ and our own work [64,65℄.
12
For some early referenes see [30, 66{68℄ and more reently [69℄.
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point of view. In ongurations with non-trivial form eld uxes in addition to
gauge instantons, the moduli are generially rendered massive via a superpoten-
tial generated by these uxes and an therefore be removed from the low-energy
spetrum. The resulting bakground manifold, however, is in general no longer
Calabi-Yau as a onsequene of the modied Killing spinor equations and the
gravitational bakreation of the uxes. In the ase of heteroti ompatia-
tions with non-trivial three-form ux [70{74℄, it is not even Kahler, and ertainly
not simply a toroidal orbifold. All methods whih are restrited to one of these
two properties have therefore no hane to yield ompletely realisti models in
the end. The lesson we learn is that in engineering the gauge setor we should
rely as little as possible on the partiular non-generi struture of our onrete
bakground manifold. This, however, is just what we are doing in pursuing the
Wilson line approah to GUT breaking - after all one needs to identify very spe-
i elements in the rst homotopy group, whih in more general situations may
be extremely hard to ompute.
Let us outline the struture of this thesis. Before getting started, hapter
2 reminds the reader of the basi onepts and tehnial details of Calabi-Yau
ompatiations of the heteroti string. Also, we will take this opportunity
to introdue our onventions and eld normalisations. The highlighted string
theoreti onsisteny onditions are the basis of the whole subsequent analysis.
In hapter 3 we disuss the general theory of E
8
E
8
string ompatiations
featuring unitary gauge instantons. The group theory of the assoiated embed-
ding gives rise to an unexpetedly rih struture of possible low-energy gauge
groups inluding in partiular ipped SU(5)  U(1)
X
GUT [75℄ and just the
MSSM gauge group. In addition we allow for heteroti ve-branes, in whih ase
we are atually in the strongly oupled Horava-Witten regime [76,77℄. The pres-
ene of abelian gauge fators requires a areful study of possible anomalies and
the assoiated generalised four-dimensional Green-Shwarz mehanism. We will
see that onsisteny of the vaua alls for new anomaly anelling ounter terms
in the presene of abelian gauge elds and ve-branes. These ounter terms will
furthermore be derived expliitly by dimensional redution of eleven-dimensional
heteroti M-theory to ten dimensions. Apart from the issue of anomaly anel-
lation, the Green-Shwarz mehanism yields important terms in the low-energy
eetive ation whih arise at one loop in string perturbation theory. Speially,
we will analyse the gauge threshold orretions, nd a new ontribution to the
D-term salar potential for ve-branes and identify a one-loop orretion to the
Fayet-Iliopoulos term assoiated with the abelian gauge elds. We will argue that
it represents atually a perturbative orretion to the Donaldson-Uhlenbek-Yau
supersymmetry ondition on the gauge elds and onjeture a orresponding de-
formation of the loal Hermitian Yang-Mills equation as the perturbatively exat
generalisation of the string tree-level supersymmetry ondition.
An analogous investigation is possible also for the SO(32) heteroti string with
unitary bundles and ve-branes and is the subjet of hapter 4. The analysis of
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the breaking of SO(32) into its unitary subgroups and the assoiated deomposi-
tion of the adjoint representation will reveal a gauge setor and spetrum whih
exatly mimi that in the S-dual/T-dual framework of interseting branes, as
antiipated already. The details of the Green-Shwarz mehanism are dierent to
what we enountered in the E
8
E
8
theory, in partiular as far as the ve-brane
ontributions are onerned, but again we will nd loop orretions to the gauge
ouplings and the Donaldson-Uhlenbek-Yau ondition. In the S-dual Type I
framework, these one-loop terms beome perturbative 
0
-orretions whih are
well-known to aet also the loal supersymmetry equations and the resulting
stability ondition. In fat, they make out just the perturbative part of the full
-stability ondition in the derived bounded ategory of oherent sheaves [78℄.
This serves as further support for our onjeture about the modied supersym-
metry ondition for the E
8
 E
8
string.
To apply the results of hapter 3 and 4 to onrete model building it is nees-
sary to have ontrol over the moduli spae of stable holomorphi unitary vetor
bundles. In hapter 5 we therefore review the spetral over onstrution [40,41℄
for SU(N) bundles over elliptially bered Calabi-Yau manifolds. By twisting
the SU(N) bundles with an additional line bundle, we an onstrut bundles
with unitary gauge groups. For speial lasses of twist bundles this proedure
is equivalent to a sublass of the bundles provided by the generalisation of the
original spetral over method due to [69℄.
In hapter 6 we provide two examples of semi-realisti vaua of the SO(32)
heteroti theory with Pati-Salam and MSSM-like gauge group respetively. They
illustrate the general arhiteture of this type of vaua and its similarity to the
interseting brane framework. This is a diret onsequene of the group struture
of SO(32). Generially, as we will see, the generi quiver struture of the models
makes it hard to suppress hiral exoti matter in supersymmetri ongurations.
These vaua an likewise be interpreted as arising from D9-branes in the Type I
with non-abelian gauge eld VEVs.
Chapter 7 introdues a setup for the onstrution of realisti ipped SU(5)
U(1)
X
GUT and SU(3) SU(2)U(1)
Y
MSSM vaua from the E
8
E
8
string.
The key to keeping the respetive U(1) potential massless is to embed the same
line bundle into both E
8
fators. The ipped SU(5) models are phenomenologi-
ally partiularly attrative due to the absene of operators triggering proton de-
ay. Gauge oupling uniation in both senarios holds at the level of the thresh-
old orreted gauge ouplings. As far as onrete phenomenologial appliations
are onerned, the main result of this thesis is the onstrution of four-dimensional
vaua with ipped SU(5) and Standard Model gauge group featuring preisely
three hiral generations and no further hiral exotis on simply-onneted man-
ifolds. A olletion of these vaua will be presented in the remainder of hapter
7 and in appendix D.
Finally, we onlude with a on outlook to the most pressing questions to be
investigated in the future.
Supplementary material is provided in the appendies. Some useful denitions
14
and formulae regarding the topologial invariants of holomorphi vetor bundles
an be found in appendix A, together with a ouple of trae identities whih are
frequently used throughout this thesis. In appendix B we ollet the Kahler one
onstraints for elliptially bered Calabi-Yau manifolds over del Pezzo surfaes.
These are relevant when it omes to heking the supersymmetry onditions on
the gauge bundles. For the onveniene of the reader, we have hosen to inlude
in appendix C a disussion of the transformation rules for multiple U(1) fators
whih, though elementary, might give rise to some onfusion.
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Chapter 2
The vauum struture of
heteroti ompatiations
2.1 On the heteroti low-energy eetive eld
theory
The low-energy eetive theory of the heteroti string is given by ten-dimensional
N = 1 supergravity oupled to super Yang-Mills theory. Depending on whih of
the two heteroti theories we onsider, the original ten-dimensional gauge group
is E
8
E
8
or Spin(32)=Z
2
1
and will be referred to as
e
G. The low-energy dynamis
of both theories only diers in the gauge setor as long we restrit ourselves to
the perturbative limit of weak string oupling. The bosoni degrees of freedom
omprise the ten-dimensional metri, the dilaton 
10
, the Kalb-Ramond two-form
B
(2)
and the gauge potential A with eld strength F = dA  iA ^ A. At lowest
order in the string oupling, the bosoni part of the string frame Lagrangian takes
the following form
S
het
=
1
2
2
10
Z
M
(10)
e
 2
10
h
R + 4 d
10
^ ?d
10
 
1
2
H ^ ?H
i
 
1
2g
2
10
Z
M
(10)
e
 2
10
tr(F ^ ?F ): (2.1)
We will stik throughout this thesis to the onventions of [12℄. In this nor-
malisation the relative size of the gravitational and the Yang-Mills interation is
set by 
2
10
=
1
2
(2)
7
(
0
)
4
and g
2
10
= 2 (2)
7
(
0
)
3
. We adopt the standard notation
that 'tr' denotes the trae in the vetor representation of the gauge group and
'Tr' formally refers to the trae over the adjoint representation. In partiular the
two are related via TrF
2
= 30 trF
2
(see also appendix A.2).
An important role will be played by the heteroti three-form eld strength
H = dB
(2)
 

0
4
(!
YM
  !
L
); (2.2)
1
Nonetheless, the latter ase is usually denoted as the SO(32) theory, f. setion 1.2 .
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whih involves the gauge and gravitational Chern-Simons three-forms dened in
terms of the gauge potential A and the spin onnetion 
 by
!
YM
= trA ^ dA 
2i
3
trA ^ A ^ A; d!
YM
= trF
2
;
!
L
= tr
 ^ d
 
2
3
tr
 ^ 
 ^ 
; d!
L
= trR
2
:
(2.3)
Note that in the last line, the trae trR
2
is over the fundamental representation
of the tangent bundle of spaetime, whih, for at ten-dimensional spae, has
struture group SO(1; 9). A ruial point to take into aount is that B
(2)
is not
a globally dened two-form. This is beause it is not invariant under a ombined
gauge transformation of the Yang-Mills potential and the spin onnetion
ÆA = d  i[A; ℄; Æ!
YM
= d tr( ^ dA);
Æ
 = d + [
; ℄; Æ!
L
= d tr( ^ d
);
(2.4)
but likewise transforms as
ÆB
(2)
=

0
4
[tr( ^ dA)  tr( ^ d
)℄: (2.5)
The denition (2.2) makes lear that the gauge invariant and therefore globally
dened objet is the three-form eld strength H.
The hiral massless fermioni spetrum onsists of the gravitino in the 56
representation of SO(1; 9), the 8' dilatino, both interating only gravitationally,
and the 8 gaugino
2
in the adjoint of the gauge group. The ten-dimensional theory
therefore exhibits gravitational, gauge and mixed gauge-gravitational anomalies
resulting from anomalous hexagon diagrams at one-loop in string perturbation
theory. It is of ourse among the renowned peuliarities of the gauge groups
E
8
 E
8
and SO(32) that the non-fatorisable anomalies vanish by themselves
and the fatorisable ones an be ast into a form suitable to be anelled by adding
a one-loop ounter term. This ounter term involves the two-form potential B
(2)
and is therefore, aording to (2.4), not gauge invariant. The resulting lassial
anomalies absorb the one-loop eld theoreti anomalies, thus rendering the theory
well-dened. Sine we will make heavy use of it in the sequel, let us display the
Green-Shwarz anomaly anelling one-loop ounter term [79, 80℄,
S
GS
=
1
24 (2)
5

0
Z
M
(10)
B
(2)
^X
8
; (2.6)
where the eight-form X
8
reads
X
8
=
1
24
TrF
4
 
1
7200
 
TrF
2

2
 
1
240
 
TrF
2
  
trR
2

+
1
8
trR
4
+
1
32
 
trR
2

2
:
(2.7)
2
The 8
0
and the 8 are of opposite hirality.
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Ten-dimensional Hodge duality relates the Kalb-Ramond two-form to a six-
form B
(6)
via
?
10
dB
(2)
= e
2
10
dB
(6)
: (2.8)
This suggests the existene of a ve-dimensional objet as the soure for B
(6)
and
therefore as the magneti dual of the fundamental string to whih B
(2)
ouples.
These heteroti ve-branes are genuinely non-perturbative objets. The natural
framework to study them is onsequently the strong oupling limit of the heteroti
theory. In this regime the parallels between the E
8
 E
8
and the SO(32) theory
ome to an end and we need to distinguish as to whih theory we are referring
to.
For gauge group E
8
E
8
the strong oupling limit is given by Horava-Witten
theory [77℄, whih an be viewed, in the low-energy approximation, as eleven-
dimensional supergravity on the interval S
1
=Z
2
. We will disuss some aspets of
this theory relevant for our purposes in detail later on in setion (3.4.4). The
objet whih redues to the heteroti ve-brane in ten dimensions upon om-
patiation of Horava-Witten theory along the eleventh dimension is known as
the M5-brane. It represents the magneti dual of the membranes as the funda-
mental entities in M-theory. The world volume  
a
of the M5-brane supports a
self-dual tensor eld
e
B
a
, whih will play a role of similar importane as its ousin
B
(2)
in setion (3.4.4). The eetive ation governing the ve-brane dynamis
in ten dimensions an be inferred by dimensionally reduing the known Pasti-
Sorokin-Tonin ation for the orresponding M5-brane in heteroti M-theory. For
the details of the full PST ation we refer to [81℄, and for the parts of prime
interest to us again to setion (3.4.4).
By ontrast, the SO(32) heteroti string redues in the limit of strong string
oupling to the weakly oupled Type I theory [82℄. The low-energy degrees of
freedom of both theories are related to one another by S-duality. Now the Type
I theory, too, involves a ve-brane, the D5-brane, whih is therefore S-dual to
the SO(32) heteroti ve-brane. As a result, the dynamis of the latter diers
onsiderably from the one of its ounterpart in the E
8
E
8
theory in that it sup-
ports sympleti gauge elds on its worldvolume and gives rise to hiral fermions
harged under this sympleti group [83℄. Again, we postpone a more detailed
disussion to setion (4.1).
Having realled the dierent strong oupling origins of the E
8
 E
8
and the
SO(32) ve-brane, we stress that in both ases their role as magneti soures for
the Kalb-Ramond eld is enoded in the oupling to B
(6)
S
WZ
5
=  
X
a
N
a
T
5
Z
 
a
B
(6)
=  
X
a
N
a
T
5
Z
M
(10)
B
(6)
^ Æ( 
a
); (2.9)
where we onsider staks ofN
a
ve-branes with worldvolume  
a
and Æ( 
a
) denotes
the four-form Poinare dual to  
a
. The ve-brane tension as appearing aboove
is T
5
= ((2)
5

03
)
 1
. Note however the impliit fator of e
 2
10
present in B
(6)
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as a onsequene of the relation (2.8) so that eetively, the ve-brane tension is
of order
1
g
2
s
.
Sine it will be of great importane for our purposes later on, let us take a
loser look at the ation for B
(2)
respetively B
(6)
. Dualizing the kineti ation
of H and extrating all terms involving B
(6)
leads us to
 
1
4
2
10
Z
M
(10)
e
2
10
dB
(6)
^ ?dB
(6)
+

0
8
2
10
Z
M
(10)
B
(6)
^

trF
2
  trR
2
 
4(2)
2
X
a
N
a
Æ( 
a
)

: (2.10)
The equation of motion after variation of B
(6)
follows as
d(e
2
10
? dB
(6)
) =

0
4

trF
2
  trR
2
  4(2)
2
X
a
N
a
Æ( 
a
)

: (2.11)
In view of (2.8) and (2.2), the left-hand side is of ourse nothing other than dH
3
,
and (2.11) onstitutes its modied Bianhi identity. Sine dH is an exat form,
so must be the expression inside the brakets on the right. This statement is the
so-alled Green-Shwarz anomaly anellation or tadpole anellation ondition
in the presene of ve-branes,
1
4(2)
2
(trF
2
  trR
2
) 
X
a
N
a
Æ( 
a
) = [0℄; (2.12)
whih requires that the left-hand side has to vanish in ohomology.
2.2 Calabi-Yau ompatiation
Our hief interest is in ompatiations of the ten-dimensional string theory
down to four dimensions [28℄. From now on, we will therefore onsider the topol-
ogy of ten-dimensional spaetime to be given by the diret produt
4
M
(10)
= R
(1;3)
M: (2.13)
For stability reasons we insist that supersymmetry be unbroken at the om-
patiation sale, in whih ase the internal six-dimensional manifold has to
3
One should denitely resist the temptation of equating the left-hand side simply to zero,
using that d(e
2
10
? dB
(6)
) = d(dB
(2)
). Reall that dB
(2)
is not globally dened and therefore
is not an exat form, so d(dB
(2)
) need not vanish.
4
We will not onsider the general ase of warped produts in this thesis. Also we will simply
write R
1;3
for the external spae although we will at no plae disuss issues like the osmologial
onstant et. Our fous will be exlusively on the gauge setor.
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admit a globally dened Killing spinor . By standard arguments this redues
the struture group of its tangent bundle to SU(3) (f. [84℄ for a formulation in the
modern language of G-strutures, for a reent review of related ideas and more
referenes see also [85℄). Unbroken N = 1 supersymmetry in four dimensions
amounts to a solution of the Killing spinor equations, i.e. vanishing of the super-
variation of the gravitino  , the dilatino  and the gaugino  as the fermioni
superpartners of the bosoni elds entering the ation (2.1). The supervariations
relate the fermioni zero-modes to the bosoni ones and in a given vauum state
depend on the expetation values of the latter. In order to keep four-dimensional
Lorentz invariane, only the internal omponents of the bosoni elds may take a
non-trivial vauum expetation value. Shematially
5
, the Killing equations, at
string tree-level and at lowest order in 
0
, read [70℄
0 = Æ = r+
1
4
H;
0 = Æ = =
10
 +
1
2
H;
0 = Æ = 2F:
(2.14)
Here H and F denote a suitable Gamma matrix ontration with the internal
bakground values for the three-form and Yang-Mills eld strength, respetively.
Clearly, in the absene of a vauum expetation value (VEV) for the bak-
ground eld strength H, the rst equation implies that the Killing spinor be
ovariantly onstant with respet to the Levi-Civita onnetion. It follows that
M is to be of SU(3) holonomy, i.e. a Calabi-Yau manifold. We restrit all our
onsiderations to this speial ase, together with a onstant dilaton in order to
satisfy also the dilatino equation. More preisely, we do not onsider bakground
values for H at zeroeth order in 
0
. Nonetheless, the Bianhi identity (2.11) for H
relates a non-trivial VEV for the internal urvature as well as for the Yang-Mills
elds to a VEV for H, whih, however, arises at linear order in 
0
. As reviewed
e.g. in [9℄, orretions to the Calabi-Yau ondition at this order do not break
supersymmetry spontaneously, but an be aounted for by orreting the va-
uum order by order. Note also that the gravitational bakreation of the gauge
ux is likewise of order 
0
, as an be seen by omparing the dierent orders of

0
of the Einstein-Hilbert term and the Yang-Mills kineti term in the ation
(2.1). Consequently, at zeroeth order in 
0
, the Calabi-Yau indeed solves the six-
dimensional Einstein equations. As long as we are in the genuine supergravity
regime, where the typial length sale of the internal manifold is muh bigger
that
p

0
, it is therefore justied to neglet both these eets. The more general
ase in the ontext of heteroti ompatiations was already pioneered in [70℄
and has reently enjoyed revived interest among physiists and mathematiians,
see e.g. [71{74℄. It will require some more sophistiated analysis in the ase of in-
5
Note that this simple form of the Killing spinor equations involves some resaling of the
bosoni and fermioni elds whih is detailed in [70℄ and whih we do not display here sine it
will play no role in the sequel.
21
terest to us and will be the subjet of future work. The supersymmetry ondition
for the Yang-Mills eld strength will be disussed in detail in the next setion.
If supersymmetry is preserved, the eetive theory upon ompatiation is
given, again in the zero-mode approximation, by four-dimensional N = 1 su-
pergravity. Most remarkably, the harateristis of the four-dimensional eetive
dynamis is entirely aptured by the topology and geometry of the internal mani-
fold together with a onsistent hoie of vauum expetation values for the bosoni
zero modes enountered in the previous setion.
We will extensively exploit this fat in order to desribe the dynamis of the
gauge setor. A priori, if we simply ompatify the theory on a Calabi-Yau man-
ifold without extra struture, the four-dimensional gauge elds transform in the
adjoint representation of the original heteroti gauge group
e
G. In general, how-
ever, the internal spae may arry bakground gauge ux. This means that some
of the gauge bosons orresponding to the generators of some subgroup G 
e
G
may take a non-trivial vauum expetation value onM. Of ourse not any arbi-
trary onguration of gauge uxes is allowed: The bakground values of the eld
strength are subjet to the Bianhi identity and the Yang-Mills equations of mo-
tion, together with additional onstraints if they are to preserve supersymmetry.
Pure eld theoreti onsiderations imply that the four-dimensional gauge group
is broken to the ommutant H of G in the original gauge group
e
G,
G 
e
G  ! H =
e
G=G: (2.15)
In more mathematial terms, the eetive gauge setor is therefore governed
by the suitable embedding of a bakground gauge bundle W overM with stru-
ture group G into the full E
8
E
8
or SO(32) bundle [39℄. Note that the require-
ment that the bakground gauge eld satisfy the Bianhi identity is automatially
fullled if it arises as the onnetion of a vetor bundle whereas the Yang-Mills
equations of motion have to be imposed separately. Remarkably, a large amount
of physial information is present already in the purely topologial part of the
bundle data, most notably its various harateristi lasses (see appendix A.1 for
a olletion of some of their properties). This is true in partiular as far as the
emergene of hiral fermions in four dimensions is onerned, as we now review.
The ten-dimensional massless fermions harged under the Yang-Mills setor
are the gauginos as the fermioni superpartners of the gauge bosons and transform
in the 496-dimensional adjoint representation of
e
G. The embedding (2.15) indues
the deomposition of this adjoint into the various irreduible representations of
the four-dimensional gauge group H and the struture group G of the internal
bundle,
496  !
M
j
(R
j
; r
j
): (2.16)
That is, eah four-dimensional massless fermion in representation R
j
of the unbro-
ken gauge group arries spei harges, enoded in r
j
, also under the struture
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group of the bakground bundle. Let us state that to eah r
j
we an assoiate a
orresponding internal bundle U
j
whih is essentially some tensor produt bundle
ofW or its subbundles. We will explain how to determine U
j
when disussing the
onrete embeddings we are interested in. This entanglement between the four-
dimensional properties R
j
of a massless state and its internal origin is the basis
for determining the massless spetrum of a ompatiation from the geometry of
the internal bakground bundles. In view of the splitting of the ten-dimensional
Dira operator =D
10
= =D
4
+ =D
6
under ompatiation on M, it is furthermore
lear that the fermioni zero modes in four dimensions are given by the kernel
of the internal Dira operator. Furthermore, the splitting of the ten-dimensional
hirality operator into the four- and six-dimensional ones is suh that the four-
dimensional hirality of the fermion equals its six-dimensional one. As a matter
of fat, on a Calabi-Yau manifold the positive (negative) hirality subspae of the
kernel of the Dira operator is isomorphi to the even (odd) degree subspae of
the Dolbeault ohomology. Sine it would lead too far to detail the derivation of
this standard theorem, we refer e.g. to [9℄ for an aount. Taking this for granted,
we onlude that the fermioni zero modes in the representation R
j
under H are
given by the Dolbeault ohomology H

(M; U
j
) of the internal bundle U
j
whih is
assoiated to the representation r
j
under G. Of ourse, if N = 1 supersymmetry
is unbroken eah fermion appears with a omplex bosoni superpartner to form
a hiral supermultiplet. Most importantly, if the representation r
j
is omplex,
the fermioni spetrum is hiral and the net-number of hiral matter multiplets
is given by the index of the Dolbeault omplex twisted by the respetive bundle
U
j
. It is the ontent of the Riemann-Roh-Hirzebruh theorem that this index
an be omputed as the Euler number
(M; U
j
) =
3
X
i=0
( 1)
i
dim(H
i
(M; U
j
)
=
Z
M

h
3
(U
j
) +
1
12

2
(TM) 
1
(U
j
)

: (2.17)
To be rystal lear, H
i
(M; U
j
) denotes the ohomology group of U
j
-valued (0; i)-
forms onM under the Dolbeault operator . In fat, for a holomorphi bundle U
j
over a omplex n-fold, by Serre duality not all ohomology lasses are independent
due to the relation
H
i
(M; U
j
) ' H
n i
(M; U

j

 K
M
); (2.18)
where U

j
denotes the omplex onjugate bundle to U
j
and K
M
is the anonial
bundle of M with 
1
(K
M
) =  
1
(TM). Clearly, K
M
is trivial for Calabi-Yau
manifolds.
We state at this stage already that for a non-trivial -stable bundle of zero
slope neessarily H
0
(M; U
j
) = 0 = H
3
(M; U
j
) and the same holds true for the
onjugate bundle U

j
. Fermions transforming in the representations R
j
orre-
sponding to a non-trivial internal r
j
and thus to a non-trivial U
j
are therefore
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ounted preisely by H
1
(M; U
j
) and H
2
(M; U
j
) ' H
1
(M; U

j
) as long as U
j
is
stable. For the bundles whih ount the hiral part of the spetrum, this will
always be the ase. In view of the desribed relation between the four- and
six-dimensional hirality and the Dolbeault degree, the rst ohomology group
ounts the left-handed and the latter the right-handed hiral multiplets.
On the other hand, as follows from the group theoreti deomposition of
the 496, the four-dimensional gauge bosons transform in the trivial represen-
tation under G
6
, and the ohomology of the trivial bundle O on a Calabi-
Yau is simply dimH

(M;O) = (1; 0; 0; 1). This is obvious if one realls that
H
i
(M;O) = H
(0;i)
(M) and the Hodge numbers of a Calabi-Yau are given by
h
(0;0)
= 1 = h
(0;3)
and h
(0;1)
= 0 = h
(0;2)
. H
0
and H
3
therefore ount vetor mul-
tiplets, whih will be of use later on when we detet possible gauge enhanements
by searhing for additional ohomology groups of the trivial bundle.
Another generi feature is the appearane of singlets under the four-dimensional
gauge groups, but transforming in the adjoint representation of the internal gauge
group. These singlets are the moduli elds assoiated to the deformations of the
internal bundle. For SU(N) bundles V , the adjoint is simply the trae free part
of V 
 V

. Stability of V implies that H
0
(M; V 
 V

) = 1 = H
3
(M; V 
 V

).
Subtrating this single element, whih orresponds preisely to the trae part, we
nd that the bundle moduli are ounted by H
1
(M; V 
 V

).
Finally, we will be interested in ompatiations featuring also the presene
of non-perturbative ve-branes. In those ases we leave, stritly speaking, the
regime of exatly zero string oupling, g
s
= 0, sine the tension of the ve-
branes sales like
1
g
2
s
and we annot aept for their mass to diverge, of ourse.
Even though g
s
> 0, this does not imply, however, that we are inevitably be-
yond the perturbative framework sine we an still onstrain ourselves to small
non-vanishing g
s
suh that all perturbative eets higher than the one-loop level
and even more so additional non-perturbative orretions an onsistently be ne-
gleted. In the ase of the E
8
E
8
heteroti string, the strong oupling limit of the
theory was pointed out already to be given by eleven-dimensional M-theory on
S
1
=Z
2
, with the two E
8
fators arising from the two orbifold xed planes at the op-
posite ends of the interval. We will always assume that the heteroti ve-branes,
if present, are loalised in the eleven-dimensional bulk between the E
8
-planes so
that they do not interfere with the geometry of the gauge bundles, possibly lead-
ing to hirality or gauge group hanging small instanton transitions [86℄. This
assumption is standard in all heteroti ompatiations with ve-branes in the
literature and should of ourse be eventually justied by expliitly omputing
the eets xing the ve-brane position along the eleventh dimension for on-
rete models. As stated already, we will, in this work, not be onerned with
any issues of geometri moduli xing, postponing this important, but involved
6
This is true as long as the gauge group is not enhaned due to degeneraies of the embedding
of the internal bundles. The lass of SO(32) vaua we will analyse in hapter 4 is preisely of
that form.
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question for a future analysis.
2.3 Consisteny onditions for model building
The high degree of onsisteny of String Theory in its fundamental -model
formulation on the worldsheet translates itself into severe onstraints whih the
geometri data in the eetive desription have to satisfy in order to dene a
onsistent supersymmetri string vauum. These an be summarized as follows:
 At tree-level, the gauge bundles have to be holomorphi, -stable and satisfy
the Donaldson-Uhlenbek-Yau equation.
 The ve-branes have to wrap holomorphi two-yles on the internal man-
ifoldM.
 The gauge bundle and ve-branes are subjet to the anomaly anellation
ondition.
 The seond Stiefel-Whitney lass of the gauge bundle has to vanish.
Let us turn to a detailed disussion of these onstraints.
The gauge degrees of freedom of the bakground bundle are subjet to the
Yang-Mills equation of motion and the Bianhi identity. Moreover, as we noted
already, we insist on unbroken supersymmetry at the ompatiation sale to
guarantee physial stability of the vauum. Reall from (2.14) that the super-
symmetry ondition on the gauge degrees of freedom is determined by demanding
that the variation of the gaugino vanish in the vauum, Æ = 0. At string tree-
level, this yields the following two equations in terms of holomorphi oordinates
onM involving the eld strength of the bakground gauge elds (see e.g. [9℄),
F
ab
= F
ab
= 0; g
ab
F
ab
= 0: (2.19)
The rst equation implies that W has to be a holomorphi vetor bundle, i.e
that it has to admit a holomorphi onnetion. Due to its holomorphiity, this
onstraint an only arise as an F-term in the eetive N = 1 supergravity de-
sription and therefore does not reeive any perturbative orretions in 
0
or the
string loop expansion [87℄.
The seond equation in (2.19) an be onveniently rewritten as J ^J ^F = 0
by taking the Hodge dual. This is atually the zero-slope limit of the general
Hermitian Yang-Mills (HYM) equation
J ^ J ^ F = 2 (W ) vol
M
id; (2.20)
where id denotes the identity matrix ating on the bre and J represents the
Kahler form of the internal Calabi-Yau. As the name suggests, in ombination
with holomorphiity and the Bianhi identity for F , this ondition automatially
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implies that the Yang-Mills equation of motion is satised. In (2.20) the slope
 of a vetor bundle V with respet to the Kahler form J on a manifoldM is
dened as
7
(V) =
1
rk(V)
Z
M
J ^ J ^ 
1
(V): (2.21)
Aording to a theorem by Donaldson [88℄ and by Uhlenbek and Yau [89℄, (2.20)
has a unique solution if and only if the vetor bundle W in question is -stable
8
,
i.e. if for eah subbundle V of W with 0 < rk(V) < rk(W ) one has
(V) < (W ): (2.22)
Consequently, the zero-slope limit of the Hermitian Yang-Mills equations (2.19)
relevant at tree level is satised preisely by holomorphi -stable bundles whih
meet in addition the integrability ondition
Z
M
J ^ J ^ 
1
(W ) = 0: (2.23)
In ase the bundle W is the Whitney sum of several bundles, as it will be in
the ase of interest to us, eah summand bundle has to be stable and satisfy
(2.23). We will refer to the latter onstraints in the following as the tree-level
Donaldson-Uhlenbek-Yau (DUY) equation. It is important to realize that the
ondition of -stability is ompletely independent of the atual numerial value
whih the slope  takes. The latter is enoded in the DUY equation, whih
insists on (W ) = 0 and therefore makes lear that the supersymmetry ondition
at tree-level is not merely (2.20), but a forteriori J ^ J ^ F = 0. Consider for
example a omplex line bundle L, i.e. a omplex vetor bundle with struture
group U(1). The Bianhi identity dF = 0 implies in this ase that J ^ J ^ F ,
together with dJ = 0 for Kahler manifolds, is automatially a onstant multiple
of the volume form so that the loal HYM equation (2.20) is trivially satised.
This is in agreement with the DUY theorem sine a line bundle over a Calabi-
Yau manifold is also trivially stable. The tree-level supersymmetry ondition is
thus merely given by the DUY equation (2.23). Clearly this is no more true for
non-abelian bundles.
We stress that the Hermitian Yang-Mills and also the DUY ondition in the
form above are valid only at tree-level and were derived for situations where no
other elds besides the gauge elds take a non-zero vauum expetation value.
As given in (2.23), the DUY ondition puts a onstraint on the Kahler form of the
7
The fator of 2 in the Hermitian Yang-Mills equation is just a onsequene of the denition
of 
1
(V ) =
1
2
trF . Furthermore we have normalized the volume ofM to one.
8
To be preise, it is suÆient that the bundle be -semistable. In that ase, however, it may
split into subbundles suh that the resulting struture group is a subgroup of the original one.
The ommutant of the struture group in
e
G, and thus the visible gauge group, would therefore
get enhaned during this proess, whih we would learly like to avoid in well-dened physial
vaua.
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internal manifold, whih after all annot take arbitrary values but has to lie inside
the so-alled Kahler one. We will analyse these onstraints in great detail in the
sequel and derive perturbative orretions both to the stability ondition and to
the DUY equation. Besides we will see expliitly how the DUY equation emerges
also as a D-term onstraint from the four-dimensional eetive supergravity.
Let us turn to the supersymmetry ondition for the heteroti ve-branes. In
order to keep Lorentz invariane in four dimensions, we only allow for situations
where the worldvolume  
a
of the ve-brane lls the four large dimensions and
therefore wraps in addition an internal two-yle, denoted by 
a
[90℄. The stan-
dard arguments involving -symmetry on the worldvolume of the ve-brane yield
that for unbroken supersymmetry the two-yle 
a
has to be holomorphi [91℄.
All ongurations onsidered heneforth will be of this type. Put dierently, the
ohomology lass assoiated with the two-yle 
a
must be eetive
9
. The set
of eetive lasses forms a one, the so-alled Mori one, in H
2
(M;Z). This is
due to the fat that a linear ombination of two-forms with positive integer oef-
ients again orresponds to an eetive lass if the original two-forms do. It is
onvenient to introdue furthermore the notation 
a
for the element in H
4
(M;Z)
Poinare dual to 
a
.
We have already enountered the anomaly anellation ondition (2.12) whih
translates into a onstraint to be satised by the internal gauge bundle W , the
tangent bundle TM of the internal spae and the onguration of heteroti ve-
branes. As we reall, it arises simply as the Bianhi identity for the three-form
eld strengthH. Its violation results in the appearane of gauge and gravitational
anomalies in the eetive theory, sine (2.12) is a neessary and suÆient ondi-
tion for the ten-dimensional anomaly anellation mehanism to work. Turning
the arguments around we an - and will - read (2.12) as the onstraint that the
ohomology lass [W ℄
10
dened by
[W ℄ =
h
1
4(2)
2
trF
2
i
 
h
1
4(2)
2
trR
2
i
(2.24)
must admit the interpretation as the lass Poinare dual to the homology lass
of a sum of holomorphi urves. Here F and R denote the internal bakground
eld strength with values in G and the urvature two-form on TM, respetively.
Aording to what we just said this translates into the requirement that the
Hodge dual lass of [W ℄ be eetive. That is, we insist that the tadpole of the
gauge instantons and the Calabi-Yau tangent bundle an just be anelled by a
system of supersymmetri ve-branes. Failure of eetiveness of [W ℄ (or more
preisely its Hodge dual lass) means that the ve-branes, whih we an always
9
Reall that in general, eetiveness of a ohomology lass of two-forms just states that its
representatives are indeed dual to a smooth holomorphi urve, as required.
10
We trust that it does not onfuse the reader that we stik to the standard notation in the
literature and denote the ve-brane lass as [W ℄. It will always be lear if W refers to the
internal gauge bundle or the ve-brane lass.
27
introdue, are non-supersymmetri and in partiular non-BPS with respet to the
gauge setor. Due to potential instabilities, we do not onsider suh situations in
this work
11
.
There is a slightly more subtle topologial ondition on the gauge bundles
whih states that the seond Stiefel-Whitney lass of W has to vanish. This re-
quirement was originally derived from the absene of world-sheet anomalies in the
two-dimensional non-linear sigma model and we refer to [94,95℄ for more details.
Sine the seond Stiefel-Whitney lass of a holomorphi bundle is isomorphi to
the Z
2
-restrition of its rst Chern lass [30℄, the ondition is satised preisely
if

1
(W ) 2 H
2
(M; 2Z): (2.25)
In the ase of the SO(32) string we will nd a simple spaetime interpretation
for (2.25) as being equivalent to the absene of a global Witten anomaly on the
ve-branes in every topologial setor of the vauum. Due to its role as the an-
ellation ondition for the torsion K-theory harges of non-BPS D7-branes in the
S-dual Type I framework [96℄, we will sometimes refer to (2.25) as the K-theory
onstraint. We are not aware of a similar spaetime interpretation for the E
8
E
8
theory.
11
See, however, [92, 93℄ for a proposal of supersymmetry breaking vaua in the presene of
anti-ve-branes.
28
Chapter 3
The E
8
E
8
Heteroti string with
unitary bundles
The vauum struture of perturbative four-dimensional heteroti ompatia-
tions is, as we reviewed in the previous hapter, speied by a stable, holomor-
phi vetor bundle W over the internal Calabi-Yau manifoldM together with an
embedding of its struture group G into the original ten-dimensional heteroti
gauge group
e
G. By an appropriate hoie of G and the bundle data, one an
thereby try and onstrut four-dimensional vaua with phenomenologially ap-
pealing gauge group and matter ontent. As we also realled in setion 1.2, the
standard realisation of GUT groups in this ontext is to embed an an SU(4)
or SU(5) bundle into one of the two E
8
fators leading to SO(10) and SU(5),
respetively, as the resulting observable gauge groups. The hiral matter aris-
ing in these senarios transforms in the (16) or (10) + (5) representation of the
gauge group. The spetrum does not provide any appropriate vetor-like matter,
i.e. Higgs elds, required to break the GUT group down to the Standard Model.
This drawbak is overome by breaking SO(10) or SU(5) via non-trivial dis-
rete Wilson lines, whih in general an only exist if the rst homotopy group of
the Calabi-Yau is non-trivial. Suh Calabi-Yau threefolds an be onstruted by
taking free disrete quotients of a Calabi-Yau with vanishing fundamental group.
The eletroweak Higgs an appear from the (10) or the (5) + (5) representations.
From the physial point of view, this is a very simple and ompelling piture and
reently models whose partile spetrum is quite lose to the Standard Model
have been onstruted [44, 49, 51℄.
The starting point for our investigations is the following fat: The desribed
breaking of the GUT gauge symmetry down to the Standard Model via disrete
Wilson lines involves, in more mathematial terms, at abelian bundles. This,
however, is not the most general type of onstrution. An obvious question is
to explore whether one an use also non-at line bundles to obtain phenomeno-
logially interesting GUT or MSSM-like models from the E
8
 E
8
string. The
ontent of this hapter is a thorough and systemati analysis of this idea, based
29
on [97, 98℄.
1
We will rst have to understand the group theoreti embedding
of vetor bundles with non-semisimple struture group and the resulting matter
ontent upon deomposition of the adjoint representation of E
8
 E
8
. We will
then proeed to a detailed analysis of the low-energy eetive theory in four di-
mensions. The presene of anomalous U(1) fators in the visible gauge group
neessitates a areful study of the anomaly anellation mehanism, whih is
partiularly subtle in the presene of non-perturbative ve-branes. We will de-
rive new anomaly anelling terms upon redution of the ve-brane ation from
heteroti M-theory down to ten dimensions. The importane of these terms is
obvious only in the presene of U(1) groups and has therefore been overlooked
previously. Most importantly, the various one-loop terms provided by the full
Green-Shwarz mehanism will further lead us to the disovery of perturbative
orretions to the D-term superymmetry onditions aeting in partiular the
relevant stability ondition for the bakground bundles. We will onlude our
analysis of the general features of the E
8
E
8
heteroti string with unitary bun-
dles by exemplifying the rih embedding patterns leading to ipped SU(5) GUT
models or diretly to the Standard Model gauge symmetry even on manifolds
without Wilson lines. Further phenomenologial appliations of the ideas pre-
sented in this hapter are postponed to hapter 7.
3.1 Group theoreti embedding
The vetor bundles we onsider are of the following generi form
W =W
1
W
2
; (3.1)
where the struture group G
i
of W
i
is embedded into the rst and seond fator
of E
(1)
8
 E
(2)
8
, respetively, with ommutant H
i
,
G
1
G
2
 E
(1)
8
 E
(2)
8
! H
1
H
2
: (3.2)
For eah building blok W
i
we onsider the Whitney sum of SU(N
i
) or U(N
i
)
bundles. They are hosen suh that the struture group of W
i
ontains at least
one abelian fator. In order to determine the unbroken gauge group H
i
relevant
for the physis in the string vauum, we need to reall some group theoreti
generalities onerning the embedding of non-semisimple G
i
 E
(i)
8
.
As a matter of fat, it is not possible to diretly embed the unitary group U(N)
into E
8
beause all subgroups of the latter are semi-simple. One therefore has to
take a detour by rst hoosing some auxiliary semi-simple subgroup SU(N
i
) 
1
A study of U(N) bundles in the framework of the spetral over onstrution has appeared
reently in [69℄. Besides that, to our knowledge, the only onstrutions prior to our analysis [97℄
are some sattered results on aspets of four-dimensional models [30,99,100℄ and a few papers
on ve- and six-dimensional models [66{68,70,101℄. Our analysis diers onsiderably from some
of the onlusions in [100℄ and [68℄. Reently, more aspets of the framework of [97℄ have been
analysed in [102℄ and [103℄.
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E(i)
8
.
2
Of ourse, we are very familiar with the embedding of this SU(N
i
) into E
(i)
8
by onsidering the usual branhing rules for E
(i)
8
(see e.g. [104℄). Let us olletively
denote the ommutant of SU(N
i
) in E
(i)
8
as E
9 N
i
. Conretely, forN
i
= 7; 6; : : : ; 2
it is known to be given by SU(2), SU(3) SU(2), SU(5), Spin(10), E
6
and E
7
,
respetively.
What may be not so familiar is the seond step, the embedding of the non-
semisimple struture group G
i
into this auxiliary SU(N
i
). It an be aomplished
in two distint ways.
The rst type of onstrution - dubbed of type A in the sequel - is based
on the embedding SU(N
i
)  U(1)
M
i
 SU(N
i
+ M
i
) and invokes in its most
elementary version the Whitney sum
W
i
= V
N
i

M
i
m
i
=1
L
m
i
(Type A): (3.3)
Here, the vetor bundle V
N
i
has struture group SU(N
i
)  SU(N
i
+ M
i
) and
the eld strengths of the line bundles L
m
i
are identied with the spei U(1)
generators in SU(N
i
+ M
i
) whih ommute with the generators of the hosen
SU(N
i
). To be more preise, the U(1) generators are determined iteratively by
following the stepwise deomposition
SU(N
i
+M
i
)! SU(N
i
+M
i
  1) U(1)
1
! : : :! SU(N
i
)
M
i
Y
m
i
=1
U(1)
m
i
:(3.4)
Clearly, in eah step the new U(1)
k
i
generator T
k
i
an be represented by the
diagonal SU(N
i
+M
i
) matrix
T
k
i
= diag
N
i
+M
i
( 1; : : : ; 1
| {z }
N
i
+M
i
 k
i
times
; (N
i
+M
i
  k
i
); 0; : : : ; 0): (3.5)
This realizes the promised embedding of the struture group SU(N
i
)U(1)
M
i
of
the bundleW
i
into SU(N
i
+M
i
). We antiipate that the states in the fundamental
representation of the line bundle L
m
i
an be taken to arry unit U(1)
m
i
harge,
thus xing the otherwise arbitrary U(1) harge normalization. The various line
bundles are not orrelated among one another and in partiular V
N
i
gives no
ontribution to the U(1) harges. For later purposes, we summarize this by
writing
Q
k
i
(L
m
i
) = Æ
k
i
;m
i
; Q
k
i
(V
N
i
) = 0: (3.6)
The relevane of this U(1)
m
i
harge whih we thereby attribute to the line and
vetor bundles will beome lear when we disuss the ohomology groups (3.18)
2
For the moment, let us onentrate on the ase where we really have only one fator of
SU(N
i
). Generalizations are obvious and will be skethed at the end of this setion.
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ounting the massless spetrum.
Example:
We illustrate this Type A embedding by a simple example. Consider only
one E
8
fator. In the rst step of our onstrution, take N = 4, orresponding
to the embedding SU(4)  E
8
! SO(10). Now we deompose the internal
SU(4) as SU(4) ! SU(3)  U(1). This is aomplished by means of a bundle
W = V  L, where V is a rank three bundle with 
1
(V ) = 0 and L a omplex
line bundle. The struture group SU(3)  U(1) of W is embedded into this
SU(4) by identifying the eld strength of the onnetion of L with the SU(4)
generator T = diag(1; 1; 1; 3). L is assigned U(1) harge 1. In all, this realizes
the embedding
SU(3) U(1)  SU(4)  E
8
 ! SO(10) U(1): (3.7)
As an alternative to the type A onstrution, one an embed U(N
i
) bundles
V
N
i
into E
(i)
8
by means of a partiular proedure where one atually starts with
a U(N
i
) U(1)
M
i
bundle W
i
with 
1
(W
i
) = 0. To emphasize the dierene from
the ansatz (3.3) for SU(N
i
) U(1) bundles, let us adopt the notation
W
i
= V
N
i

M
i
m
i
=1
L
 1
m
i
with 
1
(W
i
) = 0 (Type B) (3.8)
for U(N
i
) U(1)
M
i
bundles.
What distinguishes the two onstrutions is that in (3.8) the line bundles are
no more independent, but are hosen just to absorb the diagonal U(1)-harge
of U(N
i
) in the splitting SU(N
i
+M
i
) ! U(N
i
)  U(1)
M
i
. At the level of the
bundles, this means that, as indiated, the rst Chern lasses of the various
summand bundles add to zero. Group theoretially, one has to x the embedding
of the U(1) part of the struture group into SU(N
i
+M
i
). For k
i
= 1; : : : ;M
i
this an be desribed by the harges
Q
k
i
= (Q
k
i
(V
N
i
); : : : ; Q
k
i
(V
N
i
)
| {z }
N
i
times
; Q
k
i
(L
 1
1
); : : : ; Q
k
i
(L
 1
m
i
)) (3.9)
with
N
i
Q
k
i
(V
N
i
) +
M
i
X
m
i
=1
Q
k
i
(L
 1
m
i
) = 0: (3.10)
The onrete harge assignment is again found iteratively by invoking the deom-
position (3.4), where in eah step we an use the freedom to hoose a normaliza-
tion of the new abelian harge in order to write
Q
k
i
= ( 1; : : : ; 1
| {z }
N
i
+M
i
 k
i
times
; (N
i
+M
i
  k
i
); 0; : : : ; 0); (3.11)
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whih learly diers from its previous analogue (3.6). Note that as a onsequene
of the orrelation between the U(1) part of the struture group of V
N
i
and that
of line bundles, the bundle W
i
has struture group SU(N
i
)  U(1)
M
i
. For the
detailed omputation of the various anomalies assoiated with the U(1)-fators,
it will turn out to be onvenient to introdue the matrix
Q
k
i
m
i
= Q
k
i
(V
N
i
) +Q
k
i
(L
m
i
): (3.12)
Example:
Applying this onstrution to our toy SO(10) hain (3.7) we now take W =
V L
 1
, with V a U(3) bundle and the line bundle L hosen suh that 
1
(W ) =

1
(V )   
1
(L) = 0. Clearly, L an be attributed U(1) harge 3, V arries unit
harge, and (3.10) is satised with Q = (1; 1; 1; 3), see (3.9) and (3.11). Note
also that Q = 4.
Both onstrutions (3.3) and (3.8) admit obvious generalizations: Instead of
onsidering only one non-abelian bundle V
N
i
per E
(i)
8
, we an, of ourse, allow for
several suitable SU(N
k
i
i
) or U(N
k
i
i
) fators and embed them into SU(
P
k
i
N
k
i
i
+
M
i
). The point is that when embedding U(1)
m
i
into SU(N
i
), we an alternatively
identify its generator T
m
i
with any other diagonal SU(N
i
) generator, induing
thereby the branhing U(1)
m
i
 SU(N
i
)  ! SU(A
i
)  SU(B
i
)  U(1) with
A
i
+B
i
= N
i
. As far as the type B onstrution is onerned, the generalisation
of the above is to realise the breaking U(N
i
)  ! U(A
i
)U(B
i
), A
i
+B
i
= N
i
. A
systemati desription of the latter type of embeddings has reently been given
in [105℄. Arbitrary iterations and ombinations are obvious.
Let us summarize the systematis: As desribed, the unbroken gauge group
in four dimensions is given by the ommutant H
1
 H
2
of the struture group
G
1
G
2
 E
(1)
8
E
(2)
8
. In partiular, its non-abelian part is determined - leaving
aside the issue of additional enhanements for the moment - by the standard om-
mutant of the SU(N
i
) in E
(i)
8
. The detailed form of how the SU(N
k
i
i
) or U(N
k
i
i
)
groups are embedded into the SU(N
i
) deides on the additional abelian group
fators whih an potentially our. It is lear that the abelian part of the stru-
ture group is ontained in H (U(1) fators of type (i) aording to [30, 68, 106℄),
beause the U(1)s ommute with themselves. There might also be additional
U(1) fators in H not ontained in the struture group (U(1) fators of type (ii)).
Finally, we antiipate that, depending now on the partiular topologial proper-
ties of the vetor bundles we hoose, the gauge group an be further enhaned or
U(1) fators an beome massive due to the Green-Shwarz mehanism. These
two issues will be explored more extensively in the subsequent setions.
In view of the above, a omplete and systemati lassiation of all possible
embeddings and the resulting gauge groups is in priniple possible, but not very
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illuminating. Of potential phenomenologial interest is the embedding of those
SU(N
i
+M
i
) fators leading either diretly to SU(3)SU(2) as the non-abelian
part of the ommutant in E
8
or to appealing GUT groups suh as SO(10), SU(5)
or the Pati-Salam SU(4)  SU(2)  SU(2). On simply-onneted Calabi-Yau
manifolds, the need to realize the nal gauge group breaking down to the MSSM
without the aid of Wilson lines further eliminates SO(10) and Georgi-Glashow
SU(5) sine the GUT Higgs states required in these senarios are absent in the
massless spetrum. Sine a general feature of our approah is the appearane
of at least one U(1) fator in the gauge group, we are very naturally lead to all
those senarios where suh abelian groups our. Besides the diret realisation
of the MSSM gauge setor this is most prominently the so-alled ipped GUT
framework, in partiular the ipped SU(5)  U(1)
X
model [75℄. We antiipate
that - unlike the onventional GUT models - the GUT Higgsing merely requires
salars in muh smaller representations whih are present in the spetrum. This
yields the important prospet of bypassing the need of Wilson lines and therefore
non-simply onneted bakground manifolds.
In all onrete examples we will restrit ourselves to (at most) one non-abelian
bundle per E
(i)
8
fator
3
. We will therefore stik in our notation to this ase.
3.2 Massless spetrum and ohomology lasses
To determine the massless spetrum, one analyses, as in (2.16), the splitting of
the adjoint representation of E
8
 E
8
into irreduible representations R
(i)
x
i
under
the four-dimensional group and the internal one, denoted as r
(i)
x
i
,
248 248!
X
x
1
(R
(1)
x
1
; r
(1)
x
1
; 1; 1) +
X
x
2
(1; 1;R
(2)
x
2
; r
(2)
x
2
): (3.13)
From the struture of (3.13) it appears at rst sight that the two E
(i)
8
setors
are hidden to eah other in the sense that all states harged under, say, E
(2)
8
are
singlets under E
(1)
8
and vie versa. This is denitely true for the non-abelian part
of the representations, whih arises after embedding the SU(N
i
+M
i
) into E
(i)
8
.
However, in the presene of abelian gauge group fators, this piture hanges. In
the original, diagonal basis of U(1)
m
i
generators, it still holds true that the states
in representation R
(1)
x
1
are unharged under the abelian group fators embedded
into E
(2)
8
and vie versa. But we are free to perform a hange of basis and onsider
arbitrary linear ombinations of U(1) generators from both E
(i)
8
.
4
In partiular,
states in the representation, say, (1; 1;R
(2)
k
; r
(2)
k
), though oming as singlets under
H
1
, may arry non-trivial harges under the U(1) group generated by the linear
3
As it turns out, these are preisely the phenomenologially appealing ones.
4
In fat, these may be just the massless ombinations surviving the Green-Shwarz meha-
nism. Our favourite onstrution in hapter 7 will be preisely of this form.
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ombination a
m
1
T
m
1
+ b
n
2
T
n
2
of generators T
m
i
of U(1)
m
i
. As a onsequene of
the embedding of U(N) bundles, the two E
(i)
8
are no more ompletely hidden to
eah other.
In the lass of models based on the splitting SU(N
i
+M
i
)! SU(N
i
)U(1)
M
i
for the internal bundle, we an give a rather general losed expression for the
representations r
(i)
x
i
whih our. It is based on the elementary observation that
under SU(N + 1)! SU(N)  U(1) we have the following deomposition of the
lowest irreduible representations
Adj(N+ 1) ! Adj(N)
0
+ (1)
0
+ (N)
N+1
+ (N)
 (N+1)
;
(N+ 1) ! (N)
1
+ 1
 N
;

2
(N+ 1) ! 
2
(N)
2
+ (N)
 (N 1)
;

3
(N+ 1) ! 
3
(N)
3
+
2
(N)
 (N 2)
:
(3.14)
For the various antisymmetri tensor representations we write more suggestively

N + 1
k

!

N
k

k
+

N
k   1

 (N+1 k)
: (3.15)
One an now follow the various steps in the full deomposition SU(N +M) !
SU(N)  U(1)
M
for eah of the two E
(i)
8
as in (3.4) and prove by indution the
following deomposition of the lowest representations whih we will enounter in
our appliations
Adj(N+M) ! Adj(N)
(0;:::;0)
+M  (1)
(0;:::;0)
+
 
M 1
X
k=0
(N)
~
Q
1
k
+ :
!
+
 
M 2
X
j=0
M j 2
X
k=0
(1)
~
Q
2
j;k
+ :
!
;
(N+M) ! (N)
(1;:::;1)
+
M 1
X
j=0
(1)
~
Q
3
j
;

2
(N+M) ! 
2
(N)
(2;:::;2)
+
M 1
X
k=0
(N)
~
Q
4
k
+
M 2
X
j=0
M j 2
X
k=0
(1)
~
Q
5
j;k
; (3.16)

3
(N+M) ! 
3
(N)
(3;:::;3)
+
M 1
X
k=0

2
(N)
~
Q
6
k
+
M 2
X
k=0
M k 2
X
l=0
(N)
~
Q
7
k;l
+
M 3
X
l=0
M l 3
X
j=0
M j l 3
X
k=0
(1)
~
Q
8
l;j;k
:
The various U(1) harge vetors of the states are given by
~
Q
1
k
= (1; : : : ; 1
| {z }
k
; (N + k + 1); (N + k + 2); : : : ; (N +M));
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~Q
2
j;k
= (0; : : : ; 0
| {z }
j
; ( N + j); 1; : : : ; 1
| {z }
k
; (N + j + k + 2); (N + j + k + 3);
: : : ; (N +M));
~
Q
3
j
= (0; : : : ; 0
| {z }
j
;  (N + j); 1; : : : ; 1);
~
Q
4
k
= (1; : : : ; 1
| {z }
k
; ( N   k + 1); 2; : : : ; 2);
~
Q
5
j;k
= (0; : : : ; 0
| {z }
j
;  (N + j); 1; : : : ; 1
| {z }
k
;  (N + k + j); 2; : : : ; 2);
~
Q
6
k
= (2; : : : ; 2
| {z }
k
;  (N + k   2); 3; : : : ; 3);
~
Q
7
k;l
= (1; : : : ; 1
| {z }
k
;  (N + k   1); 2; : : : ; 2
| {z }
l
;  (N + k + l   1); 3; : : : ; 3);
~
Q
8
l;j;k
= (0; : : : ; 0
| {z }
l
;  (N + l); 1; : : : ; 1
| {z }
j
;  (N + l + j); 2; : : : ; 2
| {z }
k
; (N + l + j + k);
3; : : : ; 3): (3.17)
Following the disussion in setion (2.2), thanks to the non-trivial internal
gauge bakground we nd four-dimensional hiral matter in representations R
(i)
x
i
speied by the ohomology lass H

(M; U
(i)
x
i
). What we an say at the general
level is that the elds in representation R
(i)
x
i
will be ounted by ohomology groups
of the form
H

0
B

M;
V

i
x
i
V
N
i


M
i
O
m
i
=1
(L
m
i

 : : :
 L
m
i
| {z }

m
i
x
i
 times
)
1
C
A
: (3.18)
From the deomposition (3.16) we immediately identify the 
i
x
i
as the rank of
the tensor representations of SU(N
i
) ourring in the orresponding internal r
(i)
x
i
.
The powers 
m
i
x
i
of the line bundle are determined by demanding that the U(1)
k
i
harges q
k
i
x
i
of the representation R
(i)
x
i
be orretly reprodued. Very generally,
they are found by solving
q
k
i
x
i
= 
i
x
i
Q
k
i
(V
N
i
) +
X
m
i

m
i
x
i
Q
k
i
(L
m
i
): (3.19)
As we desribed, for embeddings of Type A, (3.3), the abelian harges of the o-
urring representations are entirely due to the respetive line bundles, see (3.6).
Thus the powers 
m
i
x
i
in (3.18) an simply be read o from the entries in the harge
vetors speied in (3.16) and (3.17), sine after all 
m
i
x
i
= q
m
i
x
i
. By ontrast, for
Type B embeddings, (3.8), the various line bundles and the vetor bundle are
interrelated, and we need to take into aount the dierent U(1) harges (3.11)
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arried by the bundles to determine the 
m
i
x
i
. In the expliit examples we will
disuss in the sequel this is straightforwardly aomplished.
Example:
We again onlude these general remarks by exemplifying the proedure for our
simple model dened in (3.7). The rst embedding, SU(4)  E
8
! SO(10)
indues the familiar deomposition
248  ! (15; 1) + (1; 45) + (4; 16) + (4; 16) + (6; 10): (3.20)
Now we deompose the internal SU(4) representations under SU(4)! SU(3)
U(1) aording to (3.14) as
15  ! 8
0
+ 1
0
+ 3
4
+ 3
 4
;
4  ! 3
1
+ 1
 3
;
6  ! 3
2
+ 3
 2
: (3.21)
Combining these two steps leads to the spetrum
5
248
SU(3)SO(10)U(1)
 !
8
>
>
>
>
<
>
>
>
>
:
(1; 45)
0
(8; 1)
0
+ (1; 1)
0
+ (3; 1)
4
+ (3; 1)
 4
(3; 16)
1
+ (1; 16)
 3
(3; 16)
 1
+ (1; 16)
3
(3; 10)
2
+ (3; 10)
 2
9
>
>
>
>
=
>
>
>
>
;
: (3.22)
As a straightforward appliation of the presription (3.19) we nd furthermore
the ohomology groups listed in table 3.1 ounting the massless spetrum. In
evaluating (3.19) we used that for Type A onstrutions, Q(V ) = 0 andQ(L) = 1,
whereas for Type B the harge assignments are normalized suh that Q(V ) = 1
and Q(L) = 3. In addition to the spetrum tabulated there we nd of ourse
the vetor multiplets ontaining the gauge bosons of SO(10) and of the U(1)
fator and whih are ounted by H

(M;O) with dimH

(M;O) = (1; 0; 0; 1)
due to the absene of ontinuous Wilson lines on a Calabi-Yau manifold. Note
also the additional singlets under the four-dimensional gauge group ounted by
H

(M; adj(V )). These orrespond to the vetor bundle moduli of V and desribe
the possible deformations of its geometry.
3.3 Global onsisteny onditions
We have seen that the bakground bundles are subjet to two topologial on-
straints, (2.24) and (2.25), in order that the resulting string vauum be globally
well-dened. Now that we have speied the onrete embeddings, it is time
5
Note that in the last line we used that the antisymmetri of SU(4) is given by the 3.
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reps. Cohomology (Type A) Cohomology (Type B)
16
1
H

(M; V 
 L) H

(M; V )
16
 3
H

(M; L
 3
) H

(M; L
 1
)
10
 2
H

(M; V 
 L
 2
) = H

(M; V 
 L
 1
) =
H

(M; (
V
2
V 
 L
2
)

) H

(M; (
V
2
V )

)
1
4
H

(M; V 
 L
4
) H

(M; V 
 L)
Table 3.1: Massless spetrum of H = SO(10) U(1) models.
to evaluate their impliations. For this purpose, let us establish the following
notation whih will be used extensively in the subsequent disussions. The ten-
dimensional eld strengths F
10
= F
10
1
+ F
10
2
are written, upon ompatiation,
as F
10
i
= F
i
+ F
i
, where F
i
is the external four dimensional part taking values
in H
i
and F
i
denotes the internal six-dimensional part, whih takes values in the
struture group G
i
of the bundle. Reall that the U(1) fators of type (i) are
speial in that they appear both in G
i
and H
i
. We denote the four-dimensional
U(1) two-form eld strengths as f
m
i
and the internal ones as f
m
i
.
It will furthermore turn out useful to relate the traes appearing in expressions
like (2.12) to the Chern lasses of the bakground gauge bundle and the tangent
bundle of the internal manifold. This an be aomplished with the help of
identities of the type
tr
E
(i)
8
F
2
i
=
1
30
X
x
i
2 (2)
2

h
2
(U
(i)
x
i
)  dim (R
(i)
x
i
)

= 4 (2)
2
h
h
2
(V
N
i
) +
M
i
X
m
i
;n
i
=1

m
i
;n
i

1
(L
m
i
) ^ 
1
(L
n
i
)
i
; (3.23)
tr(R
2
) = tr
SO(6)
f
(R
2
) = 2 tr
SU(3)
f
R
2
=  4 (2)
2

2
(T ): (3.24)
For onstrutions of type A, the parameters 
m
i
;n
i
depend on the onrete
embedding; for type B, by ontrast, we will see in the expliit examples that in
fat 
m
i
;n
i
=
1
2
Æ
m
i
;n
i
. Similarly we introdue the expansion oeÆients 
m
i
;n
i
and

m
i
;n
i
, whih will be important later on and whih are dened by evaluating the
following traes over the onrete spetrum,
tr
E
(i)
8
(F
i
F
i
) =
1
30
X
x
i
2

h
1
(U
(i)
x
i
) dim (R
(i)
x
i
)  (
M
i
X
m
i
=1
q
m
i
x
i
f
m
i
)

=
M
i
X
m
i
;n
i
=1

m
i
;n
i
f
m
i
^ f
n
i
;
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tr
E
(i)
8
(F
2
i
) =
1
30
X
x
i
dim(r
i
x
i
)
 
tr
E
9 N
i
 M
i
R
(i)
x
i
(F
i
)
2
+ dim(R
i
x
i
)
X
m
i
;n
i
q
m
i
x
i
q
n
i
x
i
f
m
i
^ f
n
i
!
= 2 tr
E
9 N
i
 M
i
f
(F
2
i
) +
M
i
X
m
i
;n
i
=1

m
i
;n
i
f
m
i
^ f
n
i
: (3.25)
By q
m
i
x
i
we denote again the harge of the representation R
(i)
x
i
under U(1)
m
i
. In
fat for deompositions of the type speied in the previous setion, 
m
i
;n
i
= 0 =

m
i
;n
i
= 
m
i
;n
i
for m
i
6= n
i
. This is a onsequene of the fat the U(1)
m
i
arise
from the embedding into some SU(N
i
): In eah line of the deomposition (3.16),
the separate trae over the individual U(1)
m
i
vanishes.
Finally, the tadpole ondition (2.12) an be ast into the form
2
X
i=1
 
h
2
(V
N
i
) +
M
i
X
m
i
;n
1
=1

m
i
;n
i

1
(L
m
i
) ^ 
1
(L
n
i
)
!
 
X
a
N
a

a
=  
2
(T ): (3.26)
Reall that 
a
denotes the internal four-form Poinare dual to the holomorphi
two-yle 
a
wrapped by the ve-branes.
The seond global onsisteny ondition, the K-theory onstraint (2.25), is
seen to be non-trivial only for embeddings of type A, in whih ase it reads
M
1
X
m
1
=1

1
(L
m
1
) +
M
2
X
m
2
=1

1
(L
m
2
) 2 H
2
(M; 2Z): (3.27)
Clearly for embeddings of type B, (3.8), with 
1
(W
i
) = 0, it is automatially
satised.
3.4 Anomaly anellation
In String Theory, all irreduible anomalies anel diretly due to the string on-
sisteny onstraints [107℄ suh as tadpole anellation. The fatorisable ones, by
ontrast, do not. For the four-dimensional eetive theory resulting from string
ompatiations this means that all non-abelian ubi gauge anomalies do an-
el, whereas the mixed abelian-nonabelian, the mixed abelian-gravitational and
the ubi abelian ones do not. Sine eah U(1) bundle in the struture group of
the bundle implies a U(1) gauge symmetry in four dimensions, all these latter
three anomalies appear. For the string vauum to be onsistent, they have to be
anelled by a generalised Green-Shwarz mehanism
6
. This setion is devoted
to a detailed study of the fatorisable anomalies due to the embedding of non-
semisimple gauge bundles in the E
8
 E
8
theory and the assoiated anomaly
anellation mehanism. The latter is by no means just of aademi interest,
6
The Green-Shwarz mehanism for several U(1) symmetries in E
8
E
8
heteroti ompat-
iations has also been disussed in [68℄, but their results dier from our onlusions.
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but allows us to extrat ruial information about the eetive four-dimensional
eld theory. The point is that the Green-Shwarz mehanism provides ertain
terms in the eetive ation whih arise at one-loop in string perturbation the-
ory. Apart from the issue of anomaly anellation, these terms will be the basis
for determining the threshold orretions of the gauge kineti funtions and one-
loop orretions to the Donaldson-Uhlenbek-Yau supersymmetry ondition for
the gauge bundles. Even more fundamentally, the detailed form of the Green-
Shwarz terms deides upon whih of the abelian gauge fators beome massive
via a Stukelberg-type mehanism and thus only survive as global symmetries.
A areful study of the Green-Shwarz mehanism is therefore of immediate rele-
vane even if we were only interested in the most basi physial properties of the
string vaua.
After presenting in setion (3.4.1) the eld theoreti anomalies, we will thor-
oughly explain the generalized Green-Shwarz mehanism, fousing in setion
(3.4.2) on the ase without ve-branes. It will turn out that the inlusion of
ve-branes requires additional Green-Shwarz terms, as beomes obvious only in
the ontext of abelian gauge bundles. These modiations will be disussed in
(3.4.2) and derived from Horava-Witten theory in (3.4.4). We will onlude this
setion by summarizing the axion-gauge boson mass terms in (3.4.5) whih are
important for onrete model building.
3.4.1 Field theoreti anomalies
We restrit the detailed disussion for brevity to the ase that V
N
i
has struture
group SU(N
i
), i.e. embeddings of Type A; we will indiate the modiations
in the otherwise largely analogous analysis of U(N
i
) bundles at the end of this
setion.
The eld theoreti mixed U(1)
m
i
-E
2
9 N
j
and mixed U(1)
m
i
-G
2

anomalies for
m
i
2 f1; : : : ;M
i
g; i; j 2 1; 2 an be omputed by onsidering the hiral partile
spetrum resulting from the onrete embedding. Mathematially, anomalies in
four dimensions are haraterised by their anomaly six-forms [108℄, whih in our
ase are given by
A
U(1)
m
i
 E
2
9 N
i
 f
m
i
^ tr
E
9 N
i
f
F
2
i
"
X
x
i
C
(2)
(R
(i)
x
i
) q
m
i
x
i
(M; U
x
i
)
#
;
A
U(1)
m
i
 G
2

 f
m
i
^ trR
2
"
X
x
i
q
m
i
x
i
dim(R
(i)
x
i
)(M; U
x
i
)
#
; (3.28)
A
U(1)
m
i
 U(1)
n
i
 U(1)
p
i
 f
m
i
^ f
n
i
^ f
p
i
"
X
x
i
q
m
i
x
i
q
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i
x
i
q
p
i
x
i
dim(R
(i)
x
i
)(M; U
x
i
)
#
:
Here, C
(2)
(R
(i)
x
i
) relates the traes over the representation R
(i)
x
i
of E
9 N
j
and the
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fundamental representation via
tr
R
(i)
x
i
F
2
i
= C
(2)
(R
(i)
x
i
) tr
f
F
2
i
; (3.29)
and its value for the relevant representations is listed in appendix A.2, whereas the
q
m
i
x
i
onstitute, as we reall, the U(1)
m
i
harge of the representation R
(i)
x
i
. Note
that in this diagonal basis of U(1) generators, the anomalies involving U(1)
m
i
stem exlusively from the states harged under the same E
(i)
8
, and there exist no
U(1)
m
1
  E
2
9 N
2
anomalies.
In view of the slightly umbersome general form of the ourring represen-
tations (3.16), (3.17), it is not very illuminating to perform this eld theoreti
omputation for the most general embedding possible. On the other hand, it is
a simple task to do so for a spei model. The results are ompatible with the
following universal expression for the anomaly six-forms:
A
U(1)
m
i
 E
2
9 N
i
 f
m
i
^ trF
2
1

Z
M
f
m
i
^

trF
2
i
 
1
2
trR
2

; (3.30)
A
U(1)
m
i
 G
2

 f
m
i
^ trR
2

Z
M
f
m
i
^

12 trF
2
i
  5 trR
2


: (3.31)
To arrive at expressions of this type we will have to use (3.23) in order to relate
the Chern lasses arising in the formula (2.17) for the net hirality of the repre-
sentations to the traes over the eld strengths appearing in (3.30) and (3.31).
The U(1)
m
i
-U(1)
n
i
-U(1)
p
i
anomalies are slightly more ompliated and an be
summarized in the following general form
A
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m
i
 U(1)
n
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 f
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^ f
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f
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^ f
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^ f
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: (3.32)
Here we have assumed that for at least two U(1)s being idential, the single one
is U(1)
m
i
. For m
i
6= n
i
6= p
i
the rst term in (3.32) is absent. For n
i
= p
i
the
relative fator between the rst and the seond term in (3.32) an be expressed
as

m
i
n
i
n
i
=
8
3

n
i
;n
i

m
i
n
i
n
i
: (3.33)

m
i
n
i
n
i
denotes the symmetry fator of the anomalous diagram, i.e. 
m
i
n
i
n
i
= 3
for m
i
6= n
i
and 
m
i
m
i
m
i
= 1. The parameter 
n
i
;n
i
was dened in (3.23).
For embeddings of Type B, the onrete expressions get slightly modied as a
onsequene of the dierent powers of line bundles appearing in the hiral index
(M; U
x
j
). As it turns out, we need to introdue the linear ombination
b
f
m
i
=
M
i
X
k
i
=1
Q
m
i
k
i
f
k
i
(3.34)
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in terms of the harge matrix (3.12). The mixed abelian-nonabelian and gravita-
tional anomaly six-forms in this ase dier from the ones displayed in (3.30) only
by the replaement f
m
i
!
b
f
m
i
, whereas the ubi abelian anomalies are now best
summarized by
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i
 U(1)
n
i
 U(1)
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(3.35)
with
^
m
i
n
i
p
i
=
3
8

m
i
;m
i

m
i
n
i
p
i
: (3.36)
3.4.2 The four-dimensional Green-Shwarz mehanism
without ve-branes
Sine the ten-dimensional string theory is anomaly-free, there must exist a meh-
anism whih anels the above eld theoreti (mixed-) abelian anomalies whih
our in the four-dimensional eld theory. This is, of ourse, none other than the
four-dimensional analogue of the Green-Shwarz mehanism. As in ten dimen-
sions, it provides ertain ounter terms in the low-energy eetive ation leading
to anomalous ouplings between the involved gauge elds. The point is that the
thereby indued anomaly six-form is just of the right form to anel the one-loop
eld theoreti anomalies.
Before analysing the expliit form of the ounter terms involved, we make a
slight digression to disuss the general eld theoreti features of the mehanism. A
key role is played by ertain four-dimensional two-form and salar elds (axions).
Conretely, they arise upon dimensional redution of the Kalb-Ramond two-form
B
(2)
and the self-dual tensor elds on the worldvolume of the ve-branes. Suppose
we have a olletion b
(2)
j
; b
(0)
j
of suh elds, with the supersripts denoting their
respetive rank in four dimensions. As we will see, the two-form elds and salars
are Hodge dual to eah other, satisfying
db
(0)
j
= 
j
?
4
db
(2)
j
(3.37)
for some 
j
to be determined later. This relation allows us to write the kineti
ation for the b
(2)
j
as
S
j
kin
= 
j
Z
R
1;3
db
(2)
j
^ ?
4
db
(2)
j
=

j

j
Z
R
1;3
db
(2)
j
^ db
(0)
j
: (3.38)
As a dynamial input, we will nd the following two types of ouplings,
S
vertex
=
X
j
A
j
Z
R
1;3
b
(0)
j
^ trF
2
; (3.39)
S
mass
=
X
j
Z
R
1;3
b
(2)
j
^
X
m
M
jm
f
m
: (3.40)
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The oupling onstants A
j
;M
jm
will follow from the onrete Lagrangian and
are just some parameters for the time being. The index m takes values in
1; : : : ;M
1
;M
1
+ 1; : : : ;M
1
+M
2
and labels the U(1) groups stemming from both
E
8
fators. F stands for one of the elds F
i
or R with appropriate Chern-Simons
form ! suh that d! = trF
2
, and f
m
= dA
m
denotes the eld strength of the
U(1)
m
gauge symmetry, under whih A
m
transforms as ÆA
m
= d
m
.
We an now straightforwardly integrate S
mass
by parts and ombine it with
S
j
kin
to integrate out the axions, writing shematially
db
(0)
j
=

j

j
X
m
M
jm
A
m
: (3.41)
If we insert this bak into S
vertex
after integrating the latter by parts, we nd the
ouplings
S
oup
=  
X
j

j

j
A
j
X
m
M
jm
Z
R
1;3
A
m
^ !: (3.42)
These terms are learly not invariant under the abelian gauge transformations.
With respet to, say, the U(1)
n
symmetry they transform as
Æ
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n
S
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Z
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(
^
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n
with (
^
I
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)
n
=
X
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M
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^ !) : (3.43)
^
I
4
therefore denes an anomalous six-form (
^
I
6
)
n
via the hain [108℄
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; Æ
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^
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4
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and we onlude that we indeed arrive at the anomaly six-form for the mixed
U(1)
n
  F
2
anomaly
A
GS
U(1)
n
 F
2

X
j

j

j
A
j
M
jn
 
f
n
^ trF
2

: (3.45)
The orresponding anomalous diagram therefore hinges both upon the presene
of the mass term S
mass
and of the vertex oupling S
vertex
. By ontrast, even if
the latter is absent, S
mass
indues a Stukelberg-type mass term for some of the
abelian gauge elds. This is immediately lear if we plug (3.41) bak into (3.40).
After integrating by parts we identify the following mass term for the abelian
gauge elds
S
Stukelberg
=  
M
1
+M
2
X
m;n=1
(M)
2
m;n
(A
m
^ ?
4
A
n
) (3.46)
with the squared mass matrix given by
(M)
2
m;n
=
X
j
1

j
M
jm
M
jn
: (3.47)
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To determine the massless abelian gauge fators we therefore need to nd the
zero eigenvetors of the mass matrix M
2
m;n
. It will be more onvenient to work
instead with the oupling matrixM
jn
beause it an be read o diretly from the
eetive ation without further manipulations. By elementary linear algebra one
an onvine oneself
7
, after performing a suitable basis transformation, that the
massless abelian gauge fators are preisely those linear ombinations of U(1)
m
whose gauge potential A
f
=
P
m
a
m
A
m
lies in the kernel ofM
jm
, i.e
U(1)
f
=
X
m
a
m
U(1)
m
ismassless ()
X
m
M
jm
a
m
= 0: (3.48)
We stress in partiular that the various abelian fators from the two dierent
E
8
may ombine into a massless U(1). The number of massive U(1)s is given
by the rank of the matrixM
jm
and is always at least as big as the number of
anomalous U(1)s. However, sine the mass generating terms are independent of
the existene of additional vertex ouplings S
vertex
, an abelian fator an well
aquire mass without being anomalous, i.e. without partiipating in the atual
Green-Shwarz mehanism. This phenomenon is familiar already from the anel-
lation pattern of abelian anomalies in Type I/ Type II orientifolds (see e.g. [109℄).
After these general remarks, we an now identify the relevant terms in the
four-dimensional eetive ation. For the E
8
 E
8
theory, there are altogether
three dierent ontributions to the ounter terms: The atual Green-Shwarz
terms, the kineti ation for the three-form eld strength and, in the presene
of heteroti ve-branes, additional ouplings whih are non-vanishing only if the
gauge bundle ontains abelian fators. For this reason, the latter are not onsid-
ered in the lassi ompatiation with SU(N) bundles only.
The four-dimensional Green-Shwarz terms arise upon dimensional redution
from their ten-dimensional parents given in (2.6) and (2.7). If we expliitly take
are of the two E
8
fators by writing F = F
1
+ F
2
, we get for the anomaly
eight-form (2.7)
X
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: (3.49)
To arrive at this result we have to take into aount that Tr
E
8
E
8
(F
q
1
F
r
2
) = 0
(for simultaneously non-vanishing q and r) and furthermore use the trae iden-
tities (A.16) in appendix A.2. With the help of the tadpole anellation ondi-
tion (2.12), we dimensionally redue this term to
S
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=
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X
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7
This is spelled out in appendix C.
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) tr(F
2
F
2
): (3.54)
Note the expliit dependene on the heteroti ve-branes present in the most
general ase via the terms involving [W ℄ =
P
a
N
a

a
. We will disuss the on-
sequenes of their ontributions momentarily; for the time being, let us onsider
the speial ase without ve-branes, i.e. where [W ℄ = 0.
In this situation, the only missing ingredient is the kineti term
S
kin
=  
1
4
2
10
Z
M
(10)
e
 2
10
H ^ ?
10
H: (3.55)
For the purpose of the dimensional redution it is onvenient to make use of
a basis of two-forms !
k
, k = 1; : : : ; h
11
and their Hodge dual four-forms
8
b!
k
with
the property
Z
M
!
k
^ b!
k
0
= Æ
kk
0
: (3.56)
In terms of the string length `
s
= 2
p

0
we now expand
B
(2)
= b
(2)
0
+ `
2
s
h
11
X
k=1
b
(0)
k
!
k
; B
(6)
= `
6
s
b
(0)
0
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11
X
k=1
b
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;
trF
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11
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)
k
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k
; trR
2
= (2)
2
h
11
X
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(trR
2
)
k
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k
; (3.57)
f
m
= 2
h
11
X
k=1
(f
m
)
k
!
k
;
where for dimensional reasons we have introdued appropriate powers of 
0
and
vol
6
is the volume form on M normalized suh that
R
M
vol
6
= 1. Note that
8
One might wonder at rst sight why we only take the even ohomology into aount.
The point is that even if the internal manifold exhibited elements in H
1
(M;Z) we would not
pik up any four-dimensional ontributions from the Green-Shwarz terms orresponding to
the expansion of B
(2)
into internal and external one-forms. The same applies to the potential
expansion of B
(6)
into internal and external 3-forms.
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fm
k
2 Z due to the integrality of 
1
(L) 2 H
2
(M; 2Z). Let us antiipate that the
universal axion b
(0)
0
omplexies the dilaton to form the omplex salar of a hiral
supermulitplet in the N = 1 supergravity theory, whereas the b
(0)
k
pair with the
Kahler moduli. As a onsequene of the duality between B
(2)
and B
(6)
, both types
of two-forms b
(2)
j
are related to their axioni ounterparts by ?
4
db
(2)
j
= e
2
10
db
(0)
j
for all j 2 f0; 1; : : : ; h
11
g, as promised in (3.37).
The general strategy is lear: Insert the expansions (3.57) into (3.50) - (3.54)
as well as (3.55) and organize the surviving ontributions as vertex (3.39) and
mass terms (3.40). For simpliity, we fous now on the mixed abelian-nonabelian
and abelian-gravitational anomalies. The GS-terms (3.50) and (3.53) give rise to
the following vertex terms in four dimensions
S
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By ontrast, from (3.51) we yield a mass term for the four-dimensional two-form
eld b
(2)
0
S
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mass
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where we have used that 
m
i
;n
i
= 0 for m
i
6= n
i
(see (3.25)). This mass term
for the universal axion is obviously only present for U(1) symmetries of type (i),
reeting the fat that for the E
8
 E
8
heteroti string U(1) fators of type (ii)
are always non-anomalous.
To anel the anomalies we also need a GS-term for the external axion b
(0)
0
and
mass terms for the Kahler axions b
(2)
k
. They emerge from (3.55), whih ontains,
apart from the kineti ation for B
(2)
, the ross term
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2
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On the one hand, this gives rise to a four-dimensional GS-term
S
0
GS
=
1
8
Z
R
1;3
b
(0)
0
^ (trF
2
1
+ trF
2
2
  trR
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): (3.62)
In addition, reduing trF
i
^ F
i
suh that one fator takes values in the external
U(1)s and the other in the internal ones, we nd mass terms for the b
(2)
k
. After
dimensional redution one eventually arrives at four-dimensional ouplings of the
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form
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The GS-ouplings (3.58),(3.62) and the mass terms (3.60), (3.63) have pre-
isely the struture of the general oupling and mass terms onsidered in (3.39)
and (3.40), whih, as we showed, lead to appropriate anomaly six-forms and an-
el the eld theoreti anomalies. In other words, they generate tree-level graphs
of the form displayed in gure 3.1, whih provide ouplings of the same type as the
ones appearing in the mixed gauge anomalies. For the mixed abelian-nonabelian
GS ontribution we get, aording to the foregoing disussion,
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: (3.64)
For the mixed abelian-gravitational anomaly the ontributions from internal ax-
ions and the four-dimensional one add up to
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:
Along the same lines, one an also show that the mixed U(1)
3
anomalies
anel. Now also the Green-Shwarz ouplings (3.52) ontribute.
3.4.3 The generalized Green-Shwarz mehanism inlud-
ing ve-branes
The inlusion of heteroti ve-branes ompliates the story of anomaly anel-
lation and leads to interesting new phenomena. The point is that in order to
generate the orret anomaly anelling ouplings from the Green-Shwarz terms,
we have to assume tadpole anellation to organize the various ontributions as
in (3.50) - (3.54). This leads, in the presene of ve-branes, to additional ve-
brane dependent ontributions whih yield anomalous diagrams in the eetive
theory, but without there existing any one-loop anomalies whih would have to
be anelled by them.
Let us go bak to (3.50) - (3.54) and ollet the terms involving the ve-brane
lass [W ℄. From these we an, following the analogous steps performed in the
previous setion, onstrut an anomaly six-form. The result is
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Figure 3.1: Green-Shwarz ounter term for the mixed gauge anomaly.
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Sine there does not exist any hiral matter from the M5-branes, the only way to
ompensate the anomaly from (3.66) is by additional Green-Shwarz terms from
the M5-branes. In the next setion, we will provide a rigorous derivation of the
presene of these terms independently of the requirement of anomaly anellation.
Here we will antiipate their form and disuss their role played in the Green-
Shwarz mehanism.
Let us start by observing that the rst term in (3.66) an preisely be anelled
by introduing the additional oupling
S
(1)
GS
=
1
96(2)
3

0
X
a
N
a
Z
 
a
B
(2)
^
 
trF
2
1
+ trF
2
2
  trR
2

(3.67)
in the eetive ation. To show this we simply have to perform dimensional
redution and follow the steps detailed at the beginning of the previous setion
and onstrut the anomaly six-form indued by the oupling (3.67).
To ope with the seond ontribution in (3.66), we reall from the general
disussion in setion (2.1) that on the six-dimensional world-volume of an M5-
brane there lives a tensor eld
e
B
a
whih is self-dual with respet to the metri
on the six-dimensional worldvolume of the ve-brane,
d
e
B
a
= ?
a
d
e
B
a
: (3.68)
Note that the orresponding Hodge star operator fatorizes as ?
a
= ?
4

 ?
2
a
into
the external four-dimensional piee and the one dened with respet to the metri
of the two-yle wrapped by the ve-brane. By dimensional redution
e
B
a
gives
rise to a two-form and a dual salar
e
B
a
=
e
b
(2)
a
+ `
2
s
e
b
(0)
a
b
a
with d
e
b
(0)
a
= ?
4
d
e
b
(2)
a
: (3.69)
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Here have introdued b
a
as the Hodge dual of 
a
suh that it satises `
2
s
?
2
a
b
a
= 1.
For ompleteness, we point out that if the ve-brane wraps a holomorphi urve of
genus g, then taking one leg of
e
B
a
to be along one of its 2g one-yles gives rise to
2g additional vetor elds in four dimensions, only g of whih arry independent
degrees of freedom due to the self-duality of
e
B
a
[110℄. Consequently, we enounter
an additional gauge group of U(1)
g
in four dimensions, possibly enhaned if
ertain omponents of the holomorphi urve oinide. Sine there exists no
hiral matter harged under this gauge group, and even more so no matter harged
simultaneously under the visible gauge group resulting from the E
8
, it is veritably
hidden and will not aet us any more in the sequel.
The extra pair of dual
e
b
(0)
a
 
e
b
(2)
a
an generate additional Green-Shwarz ounter
terms, again ompletely in the spirit of the previous setion. More preisely, one
an apply the by now familiar strategy and onvine oneself that the following
oupling term
S
(2)
GS
=
1
8(2)
3

0
X
a
N
a
Z
 
a
e
B
a
^
 
trF
2
1
  trF
2
2

(3.70)
provides just the right ounter terms to anel the seond ve-brane dependent
part in (3.66).
In fat, (3.70) an be viewed as arising from the ross terms in the kineti
ation for the three-forms
e
H
a
S
kin
=  
1
2 (2)
3
(
0
)
2
Z
 
a
e
H
a
^ ?
a
e
H
a
(3.71)
with
e
H
a
= d
e
B
a
 

0
8
(!
Y;1
  !
Y;2
) : (3.72)
Note that we are free to hoose some normalisation of
e
H
a
and orrespondingly
also of its kineti ation. What is xed by requiring anomaly anellation is, as we
reall from the disussion around (3.45), merely the ratio of the prefator of the
kineti term for the two-form elds (3.71) and of the Green-Shwarz like oupling
(3.70). One an easily hek that the normalisations of (3.67),(3.70) and (3.71)
are indeed onsistent with the anomaly six-form (3.66) if we take into aount
that d
e
B
a
is self-dual with respet to ?
a
. As a general remark, it is known that
due to the self-duality of
e
H
a
, we should atually stik to the M-theory ve-brane
ation [81℄, as will be done in setion (3.4.4).
To onlude, both the terms (3.67) and (3.70) must indeed be present in the
ten-dimensional eetive ation of the E
8
heteroti string for a onsistent ve-
brane oupling. Even though the requirement of these terms by anomaly anel-
lation is manifest only one we allow for bakground bundles with non-zero rst
Chern lass, their presene annot depend on the gauge instanton bakground, of
ourse. In partiular, they have an eet on the gauge kineti funtion also of the
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eld strength assoiated with the semi-simple part of the gauge group, as we will
see in setion (3.4.5). It is reassuring to note that both new ontributions to the
eetive ation are also onsistent with the analogous Green-Shwarz mehanism
in six-dimensional ompatiations, as analysed reently in [105℄. Still, as a
non-trivial onsisteny hek for our setup, it is highly desirable to provide an in-
dependent derivation of the unfamiliar ouplings from the viewpoint of heteroti
M-theory. We will endeavour to do so in the next setion.
3.4.4 M-theory origin of new GS-terms
The presene of the ounter terms (3.67) and (3.70) an indeed be derived diretly
from Horava-Witten theory. The logi is very similar to that leading to the usual
Green-Shwarz terms from heteroti M-theory, as rst desribed in [111, 112℄.
Here we will extend the analysis to the ve-brane dependent terms.
9
As pointed out several times, Horava-Witten theory is eleven-dimensional
supergravity plus higher derivative Chern-Simons ouplings ompatied on the
irle S
1
and modded out further by a Z
2
involution ating on the eleventh
dimension. Horava and Witten found [76℄ that the two ten-dimensional xed
planes under the orbifold Z
2
ation give rise to anomalies whih an only be
anelled by postulating the existene of an E
8
gauge theory on eah of these
planes. The two ten-dimensional E
8
gauge theories are identied with the gauge
setor harged under the two fators in the heteroti E
8
 E
8
theory. As it
will turn out, the ten-dimensional dilaton is related to the size of the eleventh
dimension and thus to the separation of the two E
8
setors along the interval
S
1
=Z
2
. As always when dealing with orbifold theories one has the hoie to work
either "downstairs" on the spae modded out by the geometri orbifold ation
and after projeting out all states not invariant under it, or in the "upstairs"
piture. This means in our ase that we onsider the ation on the irle S
1
,
bearing in mind, however, that we will eventually identify two opposite points on
the irle and keep only those terms in the ation invariant under the indued Z
2
ation.
The eetive ation of heteroti M-theory in the upstairs piture is given by an
eleven-dimensional bulk part onM
11
u
, the ten-dimensional gauge ations dened
onM
(10)
and in addition the ontribution from possible M5-branes. Conretely
we use the onventions that [76, 77, 114℄
S = S
kin
+ S
CS
+ S
urv
+ S
YM
+ S
M5
; (3.73)
S
kin
=
1
2 
2
Z
M
11
u
R
 
1
2
G ^ ?G;
9
Our derivation was done independently from [113℄, where a similar analysis has been per-
formed. Note that this referene does not use the resulting Green-Shwarz terms for anel-
lation of abelian anomalies and does not onsider the terms (3.70) arising from the M5-brane
ation. Also, to the best of our knowledge, the onnetion between the new GS terms and the
FI-D-terms in setion 2.6 has not been explored previously.
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SCS
=
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C ^G ^G;
S
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1
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
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=  
2
X
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2
2
Z
M
(10)
tr (F
i
^ ?F
i
) 
1
2
tr (R ^ ?R);
where M
11
u
= M
(10)
 S
1
. The ompat eleventh dimension takes values in
the range   < x
11
  and the gauge elds are loalized at x
11
= 0; .
The part of M5-brane ation S
M5
[81℄ relevant for our purposes will be given
at the end of this setion. The presene of a ve-brane at position y along x
11
requires that we also inlude its Z
2
image at  y with whih the original brane will
eventually be identied. Eleven-dimensional indies will be denoted by I; J;K; :::
and ten-dimensional ones by A;B;C; :::. The ten-dimensional gauge ouplings
are related to  via 
2
= (4)(2
2
)
2=3
and the tension of the ve-brane is given
by T
5
= (
2

4
)
1=3
[114℄. Finally, under the orbifold ation x
11
7!  x
11
, C
AB11
,
G
ABC11
and the omponents g
(11)
AB
and g
(11)
11 11
of the eleven-dimensional metri are
even, but C
ABC
and G
ABCD
are odd [76℄ .
Supersymmetry onservation requires the inlusion of partiular ombinations
of the gauge eld strengths and the urvature into the Bianhi identity for the
eld strength G = dC [76℄. Following the intuition that ve-branes eetively
ontribute to the ation like gauge instantons
10
, this Bianhi identity is modied
further by M5-ontributions and takes the general form [110℄
(dG)
11ABCD
=  

2

2

J
1
Æ(x
11
) + J
2
Æ(x
11
  )
+
1
2
J
5
 
Æ(x
11
  y) + Æ(x
11
+ y)


ABCD
: (3.74)
Note that we take into aount the ontribution from the ve-brane at x
11
= y
and its mirror brane at x
11
=  y suh that together their eet is that of one unit
of gauge instanton (thus the fator
1
2
). The generalisation to the ase of several
ve-branes is obvious. The gauge and urvature soures at the orbifold xed
planes are given by J
i
= trF
i
^ F
i
 
1
2
trR ^ R = d!
i
for i = 1; 2, while the ve-
brane ontributes J
5
=  4(2)
2
Æ( ). Here Æ( ) is the four-form Poinare dual to
the worldvolume of the ve-brane inM
(10)
.
11
In analogy with the Yang-Mills and
Lorentz Chern-Simons forms we also introdue the ten-dimensional three-form !
5
satisfying J
5
= d!
5
.
Being interested in the ten-dimensional theory after Kaluza-Klein redution
on S
1
, we now fous on the situation where the eleventh dimension is muh smaller
10
Alternatively, we an derive this ontribution from the CS oupling of the M5-brane to the
dual six-form potential, essentially along the lines of the derivation of equ. (2.11) reviewed in
setion 2.1.
11
When we further ompatify M
(10)
= R
(1;3)
 CY
3
we have the obvious deomposition
Æ( ) = Æ(R
(1;3)
) ^  for a ve-brane wrapping the two-yle dual to the four-form  on CY
3
.
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than the ten-dimensional spae. This is the limit in whih the eetive ation
of the ten-dimensional weakly oupled heteroti string arises [111, 112℄. In this
regime ten-dimensional derivatives of gauge and urvature terms an be negleted
as ompared to eld variations along x
11
. Hene, one an give an approximate
solution for G and C to the above Bianhi identity and the equations of motion
D
I
G
IJKL
= 0 by splitting the elds into their zero-mode and a bakground part
as C = C
(0)
+ C
(1)
and G = G
(0)
+ G
(1)
. Inluding also the ve-brane soures,
we get
C
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: (3.75)
(x
11
) denotes the step funtion, i.e. (x
11
) = +1 for x
11
positive and  1 oth-
erwise. We have introdued also the ten-dimensional two-form eld B
(2)
whih
arises as the Z
2
invariant omponents of C. Note that G
(1)
ABCD
is not ontinuous
at x
11
= 

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  but rather takes the limiting values
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(3.76)
on both sides of the seond orbifold plane. When we take the exterior derivative
dG, this gives a Æ-funtion loalized at  and proportional to 2J
2
,
(dG)
11ABCD
= 
11
G
(1)
[ABCD℄
  4
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;
so that the eld onguration (3.75) indeed solves the Bianhi identity (3.74).
Similarly, one may onvine oneself that the equations of motion for the eld
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strength G are satised up to terms proportional to J
i
, whih are assumed to
be negligible in the limit we are onsidering [111, 112℄.
The ten-dimensional weakly oupled heteroti string theory is reovered by
ompatiation on S
1
aording to the standard ansatz
ds
2
11
= e
 2
10
=3
g
(10)
AB
dx
A
dx
B
+ e
(4
10
=3)
(dx
11
)
2
; (3.78)
where we keep only those parts of the ation whih are invariant under x
11
7!
 x
11
. In partiular, the kineti term for G ontains a part involving the om-
bination G
11ABC
G
11ABC
. Inserting the solution (3.75), integrating over S
1
and
foussing only on terms not involving !
5
due to the ve-branes preisely yields
the familiar kineti term
S
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for the ten-dimensional three-form eld strength H = dB
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We are now ready to investigate the origin of the omplete Green-Shwarz
ounter terms inluding the ontribution from the ve-branes. They arise at
order (

2
2
2
)
2
after inserting the above solution for C and G into the Chern-Simons
terms S
CS
in (3.73) as
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plus additional terms proportional to
R
B
(2)
^ J
2
5
, whih however vanish after
performing the integral. To arrive at this expression we plae the ve-brane
and its mirror symmetrially at y = 

2
between the two orbifold xed-planes.
Note that the ombination C
[AB11
G
(1)
CDEF
G
(1)
GHIJ ℄
is indeed even under the orbifold
ation and therefore survives in ten dimensions. Additional ontributions from
the higher urvature 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tions S
urv
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1
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The part
2
3
(J
2
1
+ J
2
2
  J
1
J
2
) in (3.81) ombines with (3.82) into the standard
Green-Shwarz eight-form X
8
[111, 112℄.
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The additional ounter terms (3.67) we are after now arise from J
5
(J
1
+J
2
) =
 4(2)
2
Æ( ) ^ (trF
2
1
+ trF
2
2
  trR
2
). In summary, (3.81) and (3.82) yield in the
ten-dimensional limit
S
GS
= 
Z
M
(10)
B
(2)
^

X
8
+
(2)
2
4
Æ( ) ^ (trF
2
1
+ trF
2
2
  trR
2
)

(3.83)
with
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1
24(2)
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0
; (3.84)
as postulated in (3.67).
The origin of the seond ve-brane dependent ounter term (3.70) lies in the
M5-brane ation. With the normalisations of [81℄ (see e.g. also [115℄), the part
relevant for our analysis is given by
S
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N
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Z
 
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0
a

1
4
e
F
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e
F
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+
e
C +
1
2
d
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B
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^ C

; (3.85)
again summing over all branes and their mirrors. Here
e
F
a
= d
e
B
a
  C is the
modied eld strength of the self-dual tensor eld
e
B
a
living on the ve-brane
and
e
C is the bulk six-form potential dual to C. The ontribution from (3.85)
we are interested in is the topologial oupling d
e
B
a
^ C. Following the general
strategy we insert again the appropriate bakground solution for C and plae
brane and mirror brane at y = 

2
respetively to nd
S
top
=  
T
5
4
X
a
N
a

Z
 
a
e
B
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^ dC
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Z
 
0
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e
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
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T
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N
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Z
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e
B
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^ (trF
2
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  trF
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2
): (3.86)
It an be heked that, together with the kineti term for
e
B
a
, this oupling indeed
yields preisely the required ounter terms to anel the ontribution to the ve-
brane anomaly in the seond line of (3.66). In the standard ten-dimensional
normalisation of the kineti ation for
e
B
a
whih we used in (3.71) one eventually
reovers the ounter term (3.70). Note that we are always free to hange the
normalization of
e
B
a
. What goes into the indued anomaly six-form is the merely
the relative normalisation of the above vertex oupling and the kineti term for
e
B
a
and unaeted by suh trivial eld redenitions.
3.4.5 Gauge-axion masses from the Stukelberg meha-
nism
A entral question we need to address is whih of the abelian gauge fators re-
main massless after the Green-Shwarz mehanism anels potential anomalies.
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We reall from the disussion around (3.46) that the oupling terms S
mass
in-
volved in the anomaly anellation proess indue a Stukelberg-like mehanism
for the abelian gauge fators whih is speied by the mass matrix M
2
m;n
in
S
Stukelberg
=  
P
M
i
m;n=1
M
2
m;n
(A
m
^ ?
4
A
n
). We now ollet all ontributions to
these axion-gauge boson mass terms from the universal axion, b
(0)
0
, the Kahler-
axions, b
(0)
k
, and nally the ve-brane axions
e
b
(0)
a
. For later purposes it is on-
venient to display the results diretly in terms of the Chern haraters of the
bakground bundles (f. (3.23)). This will allow us to identify the massless U(1)
ombinations by inspeting the topologial data of the bundles.
The mass term involving the universal axion reads
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It arises as the sum of (3.51) and the extra ounter term (3.67).
For the Kahler axions the kineti term for H
3
indues the mass terms,
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
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as we reall from (3.63), and the ve-brane Green-Shwarz term (3.70) yields the
mass term
S
a;m
i
mass
= 
1
4 (2)
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(1;3)
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
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1
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(3.89)
for the 5-brane axions. The plus sign holds for the abelian eld strengths arising
from E
(1)
8
and the minus sign for E
(2)
8
.
From these expressions one an immediately identify the matrixM
jm
of equ.
(3.40), with j running over all bulk and brane axion labels. We reall that the
kernel ofM
jm
is related to the massless ombinations of abelian gauge elds or
axions, respetively, as desribed in equ. (3.48). Finally, let us point out that the
mass terms are all of the same order in both string and sigma model perturbation
theory. It is noteworthy that, though all mass terms are of order M
2
s
, the mass
eigenstates of the gauge bosons an in priniple have masses signiantly lower
than the string sale at least in situations with multiple abelian fators.
3.5 Gauge ouplings
In this setion we extrat the holomorphi gauge kineti funtions for the non-
abelian and abelian gauge groups [80, 116{119℄. Reall that the gauge kineti
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funtions f
a
are enoded in the four-dimensional Yang-Mills Lagrangian, whih,
up to seond order and in our sign onventions, takes the form (f. e.g. [120℄)
L
YM
=  
1
2
Re(f
a
) tr(F ^ ?F ) +
1
2
Im(f
a
) tr(F ^ F ): (3.90)
In partiular, the gauge oupling g, dened by
L
kin
=  
1
4g
2
tr(F

F

); (3.91)
is seen to be given by Re(f
a
) in this normalisation, possibly up to a multipliative
onstant whih takes aount of the proper normalisation of the trae and whih
will be xed later. Dimensional redution of the ten-dimensional tree-level term
S
(10)
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=  
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Z
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e
 2
10
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1
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F
2
)) (3.92)
reveals the tree-level gauge oupling as appearing in
S
(4)
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=  
1
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 2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4
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: (3.93)
The traes are, at this stage, still formally taken over the two E
8
fators without
dierentiating between the atual gauge groups in four dimensions. For later
purposes we note also that the ompat volume is omputed from
Vol(M) =
1
6
Z
M
J ^ J ^ J =
`
6
s
6
X
i;j;k
d
ijk

i

j

k
; (3.94)
where d
ijk
=
R
M
!
i
^ !
j
^ !
k
are the triple intersetion numbers of the basis of
two-forms and the Kahler form is expanded as J = `
2
s
P
h
11
i=1

i
!
i
.
The axioni oupling involving Im(f
a
), by ontrast, is ontained in the ross
term (3.62) emerging from the kineti ation for H,
S
0
GS
=
1
8
Z
R
1;3
b
(0)
0
^

tr(F
1
^ F
1
) + tr(F
2
^ F
2
)

: (3.95)
Consequently the full tree level gauge kineti funtion is simply f =
1
2
S
12
with
the omplexied dilaton dened as
S =
1
2

e
 2
10
Vol(M)
`
6
s
+ i b
(0)
0

: (3.96)
However, in the ourse of the disussion of the Green-Shwarz mehanism
we have enountered further axioni ouplings similar to (3.95) but involving
12
To be quite pedanti, there arise additional normalisation onstants related to the preise
denition of the traes over the gauge fators. We will disuss them momentarily for the
non-abelian and abelian fators in four dimensions.
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the Kahler and the ve-brane axions. These stem from the onventional Green-
Shwarz terms (3.50) and the new ve-brane dependent ouplings (3.67), (3.70).
In the eetive four-dimensional N = 1 supergravity, these axions are not arbi-
trary elds but form the imaginary part of the lowest lying omponent in a hiral
supereld [121℄
13
. The full omplex bosoni part of these superelds is given by
T
k
=
1
2

 
1
`
2
s
Z
M
J ^ b!
k
+ ib
(0)
k

; (3.97)

a
=
1
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
 
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Vol( 
a
)
`
2
s
+ i
e
b
(0)
a

: (3.98)
The 
a
denote the salars whih together with the self-dual two-forms
e
B
a
ombine into tensor multiplets on the six-dimensional world-volume of the ve-
branes. In the strong oupling Horava-Witten model these salars are nothing
else than the position of the respetive ve-branes along the eleventh diretion.
The normalisation of the real versus the imaginary parts of (3.97) and (3.98) is
suh that the kineti terms for all salars is inorporated orretly in a suitable
Kahler potential. The Kahler potential onsistent with the above hoie will be
given in the next setion.
Due to these axioni ouplings whih involve the imaginary parts of the su-
perelds (3.97) and (3.98), Imf
a
reeives additional ontributions. The N = 1
supergravity formalism ditates that the full gauge kineti funtion is a holomor-
phi quantity, and therefore a modiation of its imaginary part annot leave its
real part inert. Rather, it must be that the full omplex orretion term is again
proportional to the bosoni part of an N = 1 supereld
14
.
The gauge kineti funtion for the eld strengths of the non-abelian gauge
groups whih we olletively denoted as E
9 N
i
an therefore be written, in the
large radius regime, as
f
E
9 N
i
= S +
1
8
h
11
X
k=1
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N
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
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: (3.99)
This preise normalisation arises when we express the trae over the E
8
in terms
of the trae over the atual gauge group in four dimensions. From equation (3.25)
we reover a fator of 2 in front of the non-abelian traes whih we have inluded
in (3.99). The upper sign of the last term involving the superelds 
a
is for the
rst E
8
, the lower one for the seond. This is an immediate onsequene of the
the form of the ve-brane dependent ounter term (3.70). We have furthermore
introdued the notation

a
=
h
11
X
k=1
(
a
)
k
b!
k
: (3.100)
13
In abuse of notation, we will sometimes also refer to the omplex bosoni omponent as
the supereld, just for brevity. It will always be lear from the ontext what is meant.
14
And mutatis mutandis for the fermioni terms if we onsider f
a
as a veritable supereld
instead of fousing just on its bosoni part.
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The physial quantities we are interested in are the gauge ouplings as the
real part of f
a
, for whih one gets at linear order in 
a
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This makes it lear how the rst term, the tree-level gauge oupling, reeives one-
loop threshold orretions depending both on the Kahler moduli of the Calabi-
Yau and the ve-brane moduli 
a
(see also [113℄). If we set all ve-brane moduli
to zero, then we nevertheless get a ve-brane ontribution of 1=4 to the one-loop
gauge ouplings in both the rst and the seond E
8
. From the Horava-Witten
point of view this means that for 
a
= 0, the ve-brane is plaed exatly in the
middle between the two end-of-the-world nine-branes and 
a
is measured with
respet to this symmetri onguration (see gure 3.2). We will give further
evidene for this interpretation momentarily.
The next-to-leading order M-theory omputation arried out in [122,123℄ pro-
vides an O(
2
) orretion to the real part of the dilaton supereld
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This orretion was derived in [123℄ essentially by requiring that the kineti terms
for the self-dual two-form on the M5-brane an indeed be orretly inorporated
into an appropriate Kahler potential. Using this result and holomorphiity of the
gauge kineti funtion leads to the gauge ouplings
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2
Z
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For 
a
=  
1
2
, the ontribution of the ve-brane to the threshold orretions from
E
(1)
8
is preisely that of a small instanton inside E
(1)
8
[83℄. This unambiguously
identies 
a
as the relative position of the ve-brane measured with respet to the
middle of the interval between the orbifold planes, as suggested already. Dierent
normalisations of the ounter terms (3.70) would have resulted in a orresponding
redenition of 
a
. As expeted, if one plaes the ve-brane inside the E
(2)
8
wall,
its gauge threshold orretions to the gauge ouplings from E
(1)
8
vanish and vie
versa.
58
Figure 3.2: M5-brane potential in Horava-Witten theory on the Quinti indued
by abelian gauge ux on E
(1)
8
.
For the abelian gauge groups things are slightly dierent. Now also the Green-
Shwarz terms (3.52) and (3.54) lead to axioni ouplings besides the ones we have
enountered already. The resulting gauge ouplings are in general non-diagonal
and are readily found to be given by
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for both U(1) fators from the same E
8
fator and by
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(3.105)
for one U(1) from the rst and one U(1) from the seond E
8
. Apparently, only for
trivial line bundles, i.e. Wilson lines, do the extra threshold orretions vanish.
The normalisation relative to the expression for the non-abelian gauge groups
arises as follows: First we have to remember one more how to express the trae
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over E
8
in terms of the four-dimensional gauge groups, see equation (3.25). In
addition, the generators of the non-abelian groups are anonially normalized as
trT
a
T
b
=
1
2
Æ
ab
, and we need to adjust the normalisation of the abelian gauge
fators by expliitly inluding this fator of
1
2
into the gauge oupling.
We onlude the present disussion with an important remark. As is obvi-
ous from the expliit expressions (3.103), (3.104), the tree-level ontribution to
the real part of the gauge kineti funtion is always positive, as it must; after
all, Re(f) is just the inverse square of the gauge ouplings. Clearly, positivity
of Re(f) must still hold after subtrating the threshold orretions, at least in
the regime of small string oupling, where all potential higher orretions are
negligible ompared to the one-loop thresholds. A violation of this bound would
indiate severe inonsistenies in the eetive eld theory, possibly in the sense
that the four-dimensional supergravity we have written down does not follow as
the onsistent trunation of the full ten-dimensional theory. In any ase, we insist
on positivity of the real part of the threshold orreted gauge kineti funtions as
an eetive supersymmetry ondition. Sine the threshold orretions manifestly
depend on the Kahler moduli, the ve-brane position moduli and the dilaton,
this ondition imposes onstraints on the involved moduli elds. In short, in a
supersymmetri vauum we must ensure that
Re(f
E
9 N
i
) > 0; Re(f
U(1)
) > 0; (3.106)
for the two non-abelian gauge setors and for all unbroken, i.e. anomaly-free and
massless abelian gauge groups.
3.6 D-terms and supersymmetry onstraints
The Green-Shwarz ounter terms have provided us with important non-trivial
information about the four-dimensional low-energy eetive ation, notably the
gauge threshold orretions. The ouplings between the abelian gauge elds and
the axions have furthermore produed mass terms not only for the Kahler ax-
ions, but also for the universal axio-dilaton and the axions emerging from the
ve-branes, if present. In four-dimensional N = 1 supergravity, theses axions
form the imaginary part of the bosoni omponent of hiral superelds. The
real parts are, as we have seen, given by the Kahler moduli, the dilaton and the
moduli parameterising, in the M-theory limit, the position of the branes along
the eleventh dimension. In supersymmetry preserving vaua, there must thus ex-
ist a mehanism whih likewise renders the orresponding partners of the axions
massive sine a splitting of the mass terms within one supermultiplet is inom-
patible with supersymmetry. At string tree level, the Donaldson-Uhlenbek-Yau
equation is preisely of the right form to yield the required mass terms for the
Kahler moduli. We therefore need to nd analogous mass terms for the dila-
ton and the ve-brane moduli. It is natural to expet that the violation of the
equal-mass-ondition for all omponents of a supermultiplet is manifestly orre-
lated with the supersymmetry ondition. On the other hand, we know that in
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theories with massive abelian gauge fators, Fayet-Iliopoulos (FI) D-terms signal
a possible supersymmetry breakdown (e.g. [124℄). This is therefore the starting
point for our investigations. We will make heavy use of the standard fat that
the FI terms an be omputed from the Kahler potential K with the help of the
supersymmetri eld theory formula (e.g. [120℄)
D
m

m
g
2
m
= D
m
K
V
m



V
m
=0
; (3.107)
where V
m
onstitutes the abelian vetor superelds assoiated with the abelian
gauge symmetry U(1)
m
. After deriving the gauge invariant Kahler potential, it
will be straightforward to extrat the FI terms. We will nd an intriguing relation
between the FI terms and the DUY equation whih allows us to identify one-loop
orretions to the latter involving the dilaton and the ve-brane moduli. They
will indeed solve the puzzle about the missing mass terms. They also imply a
modiation of the stability ondition on the gauge bundles arising at one-loop.
Finally, we will omment on a new D-term ontribution to the salar potential of
the M5-brane in heteroti M-theory in the presene of abelian gauge ux on the
end-of-the-world branes whih may be of signiane in osmologial appliations.
3.6.1 Gauge invariant Kahler potential
In four-dimensional N = 1 supergravity, the Kahler potential K is determined
by requiring that it reprodues the various kineti terms in the four-dimensional
ation in the Einstein frame. Reall that the latter is obtained from the four-
dimensional string frame ation (i.e. the one after ompatifying (2.1)) via the
redenition [12℄
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In partiular, under this transformation the string frame kineti terms for the
dilaton and its axion b
(0)
0
beome in Einstein frame
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Note that the fator of e
4
10
in front of the axioni kineti term in the rst
line arises after dualizing the kineti term for dB
(2)
in (2.1) with the help of
dB
(2)
= e
2
10
dB
(6)
and then extrating the four-dimensional axion.
For the heteroti string without abelian gauge fators, the part of K relevant
for our present purposes is very well-known and given by the expression
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Here
M
2
pl
8
= 
 2
10
Vol(M), and the superelds
e
S;
e
T
k
;
e

a
have as their bosoni om-
ponents the omplex salars dened in (3.102), (3.97) and (3.98) respetively.
The quadrati part involving the ve-brane supermultiplets
e

a
is non-standard
and will be ommented on momentarily. Ignoring it for a seond, we an readily
onvine ourselves that this Kahler potential enodes the orret kineti terms
for the various salars in the Einstein frame. To demonstrate this standard om-
putation for the ase of the dilaton we adopt the notation of [120℄ and dene the
omplete N = 1 supereld
e
S as
e
S = S +
p
2 + i 

 

S + : : : (3.111)
with S given by (3.96). The kineti term for the dilaton and its axioni part-
ner in the Einstein frame then follows upon performing the Grassmann integral
R
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K and extrating the term
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A similar omputation an of ourse be performed for the Kahler superelds
e
T
k
.
If we inlude heteroti ve-branes, the Kahler potential has to be adjusted
suh that it also yields the kineti terms for the brane position moduli 
a
and
their axioni partners
e
b
(0)
a
. They an be dedued from the Pasti-Sorokin-Tonin
ation for the M5-brane [81℄. We pointed out already that, following this logi,
the authors of [122, 123℄ derived a orretion quadrati in 
a
in the denition
of the supereld S whih we have displayed in (3.102). This orretion indeed
inorporates the orret kineti ation if in addition one supplements the standard
ontribution  ln(
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For a detailed derivation of these terms in the dilatoni Kahler potential we refer
to [122, 123℄, but the omputation is similar in spirit to the one skethed above.
The presene of massive U(1) fators in the four-dimensional gauge group
modies K further in a very important manner. This is due to the fat that in
the resulting supergravity theory, the mass terms between the abelian gauge elds
and the axions enfore the gauging of the axioni shift symmetry. Quite generally,
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if the standard kineti Lagrangian for some salar eld b
(0)
is supplemented by
the oupling to an abelian gauge eld
15
as in
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then unbroken U(1)
m
gauge symmetry requires that under
A

m
 ! A

m
+ 


m
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the axion transforms as
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: (3.116)
This is readily veried by onsidering the transformation
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To put it dierently, the global abelian symmetry b
(0)
! b
(0)
+onst is promoted
to a loal symmetry. In slightly more tehnial supergravity language, this is just
the simplest version of the gauging of one of the global isometries of the salar
Kahler manifold. These gauged isometries need not be restrited to abelian shift
symmetries. For a disussion of the most general ase we refer e.g. to [121℄.
Upon gauging, the Kahler potential has to be modied by appropriate ounter
terms in order to remain gauge invariant. This proedure is omparatively easy in
our abelian ase. Introduing the abelian vetor supereld V
m
and, respetively,
hiral supereld 
m
and
e
B with lowest omponents as in
V
m
= 

A

m
+ : : : ; 
m
=
i
2

m
+ : : : ;
e
B = (r + ib
(0)
) + : : : ; (3.118)
we note that the required gauge transformation translates as follows into super-
eld language [120℄
A

m
! A

m
+ 



b
(0)
! b
(0)
+
Q
m
2

m
 !

V
m
! V
m
+ 
m
+ 

m
e
B !
e
B +Q
m

m

(3.119)
Applying all this to our spei ase at hand, it is lear that the Kahler
potential (3.110) is rendered gauge invariant by a suitable subtration of the
abelian vetor superelds multiplied by the respetive harges ourring in the
axioni ouplings. Conretely, this results in the following gauge invariant Kahler
potential
15
Note that this oupling is preisely of the form of the mass terms (3.87),(3.88),(3.89). Just
use Hodge duality to rewrite
R
b
(2)
^ f 
R
b
(0)
^ d ?
4
A.
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with appropriately dened superelds V
m
. The harges Q
m
k
an be identied as
the ouplings in the mass terms (3.87),(3.88),(3.89) using the denition
S
mass
=
M
X
m=1
h
11
X
k=0
Q
m
k
2
0
Z
R
1;3
f
m
^ b
(2)
k
+
M
X
m=1
X
a
Q
m
a
2
0
Z
R
1;3
f
m
^
e
b
(2)
a
: (3.121)
Indeed it an be heked expliitly that this Kahler potential orretly re-
produes also the various gauge-axion oupling terms by a Grassmann integral
similar to that performed in (3.112).
3.6.2 Fayet-Iliopoulos terms and D-term onstraints
We are nally in a position to ome bak to our initial goal, the omputation of
the FI terms dened by (3.107). What we obtain after some algebra from the
Kahler potential (3.120) and the harges (3.121) is

m
i
g
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m
i
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i
2

: (3.122)
Obviously, the rst term in (3.122) appears at string tree-level, whereas the seond
and third terms arise at one-loop in string perturbation theory. The reason that
we have been able to derive these perturbative orretions just from the eetive
eld theory lies of ourse one again in the one-loop nature of the Green-Shwarz
terms whih are responsible for the gauging of the supergravity.
The presene of one-loop orretions to the FI terms indiates important
modiations of the D-term supersymmetry ondition on the gauge bundles, as
we now disuss. By denition, the FI parameters for the various U(1)
m
i
gauge
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groups in the eetive four-dimensional N = 1 supergravity are related to the
salar D-term potential via
V
D
=
1
2
X
m
i
V
m
i
D
=
X
m
i
1
2(g
m
i
YM
)
2



X

q
m
i

j

j
2
+ 
m
i



2
; (3.123)
where the 

denote salar elds with harge q
m
i

under the U(1)
m
i
. Note that
there might exist additional ontributions not involving the gauge bundles suh as
terms purely quadrati in the matter elds (see e.g. [125℄ and referenes therein).
The vauum of the theory is of ourse determined by minimizing the omplete
salar potential inluding in partiular the F-terms. A neessary ondition for
the vauum to be supersymmetri is that the positive semi-denite quantity V
m
i
D
has to vanish for eah U(1)
m
i
separately
16
. Now V
m
i
D
ontains two qualitatively
very dierent ontributions:
P

q
m
i

j

j
2
, whih involves the vauum expetation
value of the harged matter elds, and the FI term 
m
i
. The latter depends on the
topologial data of the bakground gauge bundles inluding the ve-branes, the
Kahler moduli and, by the one-loop orretion, on the dilaton. A non-vanishing
FI parameter does not neessarily indiate a breaking of supersymmetry as long as
the VEVs of the harged matter elds an be hosen in a supersymmetri manner
as to ompensate 
m
i
suh that V
m
i
D
= 0. Obviously, this is possible at most for
multiplets with non-zero Euler harateristi sine eah eld and its omplex
onjugate ontribute with opposite signs in the D-term. Whether or not this
an happen depends ruially on the struture of the additional 

-dependent
terms in the salar potential. In ases where there are no suh terms whih
independently fore 

to be zero, the D-term merely onstrains a ombination
of the harged matter elds on the one hand and of the Kahler and brane moduli
and the dilaton on the other. If, by ontrast, there were, say, a mass term of the
form V

= m


2

, a non-vanishing FI parameter would learly be inompatible
with supersymmetry [125℄.
As an upshot of this disussion, the eetive supergravity analysis results in
the following D-term supersymmetry onstraint on the gauge bundles,

m
i
(g
s
; J; 
a
) = 
m
i
(

) (3.124)
for some funtion 
m
i
depending on the harged matter elds. If we an ignore
the term 
m
i
(

), for reasons of the type disussed above, then the gauge bundles
are subjet to the supersymmetry onstraints 
m
i
= 0, i.e.
16
In addition, of ourse, also the Kahler ovariant derivative of the F-term superpotential
has to be zero, DW = 0. Together, these two onstraints are neessary and suÆient for the
theory to be in a supersymmetri minimum.
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In these ases, the onditions (3.125) provide onstraints xing, in priniple,
ombinations of the Kahler moduli, the dilaton and ve-brane moduli. Therefore,
the onstraint 
m
i
= 0 eetively renders a partiular ombination of the moduli
elds massive. This is just what has to happen in supersymmetri vaua, well
in aord with the fat that the axioni partners of these moduli likewise reeive
a mass due to the oupling to U(1)
m
i
. In partiular, if we did not inlude the
one-loop orretion involving the dilaton and the brane moduli, this would be
in diret onit with the mass terms indued for the axions b
(0)
0
and
e
b
(0)
a
. After
all, in supersymmetri ongurations the whole supermultiplet has to beome
massive, not just some of its omponents.
Note that the Kahler form J as appearing above is not dimensionless, but
impliitly ontains a fator of 
0
. Therefore, the perturbative orretions ee-
tively depend only on g
2
s
. In priniple, a anellation of the tree-level against the
one-loop term an be ahieved in the perturbative regime of large internal radii
and small g
s
provided that the tree-level term an be arranged to be suÆiently
small by itself. On manifolds with several Kahler moduli this is learly possible,
depending on the details of the intersetion form, of ourse.
We onlude this setion with a side remark on what happens when we anel
a non-vanishing Fayet-Iliopoulos term against the VEV of a harged salar as
in (3.124) (see also [102℄). From the eld theory analysis, what we expet in
suh a situation is that the salar VEV indues the breaking of part of the four-
dimensional gauge symmetry. There is a very neat way how to understand this
Higgsing of the observable gauge group from the point of view of the internal
bundles. To illustrate the idea, onsider the easiest ase with just one abelian
gauge fator, i.e. suppose that the internal bundle is given by the diret sum
W
i
= V
N
i
 L
 1
with struture group SU(N
i
)  U(1). For simpliity, assume
furthermore that the harged salar in question orresponds to the internal bundle
U
(i)
x
i
= V
N
i

 L, in the notation of (2.17). Giving a VEV to this salar means
that we turn on an element in the rst ohomology group H
(1)
(M; U
(i)
x
i
)
17
. Now,
as a mathematial fat, turning on an element in H
(1)
(M; V
N
i

 L) implies a
deformation of the internal bundle W suh that it no longer splits into a diret
sum but rather is given by the extension of L
 1
by V
N
i
[40℄, i.e. it ts into the
17
As we will disussed, the internal bundles have to be stable in the mathematial sense, in
whih ase H
(0)
(M; U
(i)
x
i
) and H
(3)
(M; U
(i)
x
i
) vanish and all matter omes from H
(1)
or H
(2)
.
W.l.o.g we assume that H
(1)
(M; U
(i)
x
i
) 6= 0, otherwise just swith to the omplex onjugate
representation using Serre duality.
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short exat sequene
0  ! V
N
i
 !
f
W  ! L
 1
 ! 0: (3.126)
The bundle
f
W hereby dened has in fat struture group SU(N
i
+ 1), whih
ontains SU(N
i
)  U(1), the struture group of V
N
i
 L
 1
. The visible gauge
group, being the respetive ommutant in E
(i)
8
, therefore gets redued, in this
ase preisely by the abelian fator whih is Higgsed away in the eld theoreti
piture.
What this tells us is that a anellation of a non-vanishing FI term against
matter eld ontributions is only possible at the ost of a severe deformation of
the geometry of our gauge bundle. If we want to stik to our initial framework
of Whitney sums of internal SU(N) or U(N) bundles, this means that we really
have to insist on a vanishing FI term as the D-term supersymmetry ondition.
3.6.3 Loop-orreted Hermitian Yang-Mills equation and
the onept of - stability
In the previous setion, we have derived the supersymmetry ondition on the
gauge bundles by a purely eld theoreti analysis of the D-term in the eetive
four-dimensional supergravity. A priori, we annot exlude that this approah
misses ertain subtleties. The point is that we have assumed from the very
beginning that the eetive theory in four dimensions an be desribed within
the framework of N = 1 supergravity, whose properties we have used heavily in
deriving the supersymmetry onstraints for the ground state of the theory.
To see that these supersymmetry onditions may not be the whole story, on-
sider as an example the requirement that the internal manifold be Calabi-Yau, as
ditated by the Killing spinor equation for the gravitino in the absene of H-ux.
One we assume the Calabi-Yau onstraint and therefore trust the mahinery of
four-dimensional N = 1 supergravity, we do not reover it from the eld the-
ory analysis any more. We rather have to onsult the ten-dimensional theory.
All we an expet from the four-dimensional analysis is that we identify poten-
tial soures for spontaneous supersymmetry breakdown within an in priniple
supersymmetri theory.
Let us therefore ompare the four-dimensional results to the diret analysis
of the ten-dimensional Killing spinor equation for the gaugino.
As we reall from the disussion in setion (2.3), at tree level eah summand
bundle of W has to be holomorphi and -stable with respet to zero slope. The
latter means that the eah of the stable summand bundles needs to satisfy the
DUY equation
Z
M
J ^ J ^ 
1
(V
n
i
) = 0;
Z
M
J ^ J ^ 
1
(L
m
i
) = 0; (3.127)
to be satised for all n
i
, m
i
.
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Evidently, the left-hand side of (3.127) is just the tree-level part of the FI term
(3.122). We realize that our onerns were justied in that the supersymmetry
ondition revealed by the four-dimensional analysis is inomplete: it is blind to
the loal supersymmetry equation, enoded in the requirement of stability, and
only yields the assoiated integrability ondition. Nonetheless, in view of the
agreement at tree-level between the DUY equation and the FI term, it is most
natural to interpret the one-loop orretion of the latter as nothing other than a
one-loop orretion of the DUY equation. But sine the DUY is the integrability
ondition for a more fundamental loal onstraint, the Hermitian Yang-Mills
equation, this suggests that the latter is likewise orreted at one-loop. In fat,
it is onsistent to propose the following
Conjeture 1:
The perturbatively exat supersymmetry ondition on the gauge bundle is given
by the one-loop deformed Hermitian Yang-Mills equation
J ^ J ^ F
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together with
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Here V
k
i
represents any of the bundles V
N
i
; L
m
i
in E
(i)
8
and F
k
i
the orrespond-
ing eld strength. The deformed slope (V
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the left-hand side of (3.128) divided by the rank of V
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in preise analogy with (2.21). The notation !
YMi
refers to the omplete Chern-
Simons three-form of the bundle W
i
satisfying d!
YMi
= trF
2
i
. We formally
subsumed the ontributions from the ve-branes into this quantity sine, as we
observed in setion (3.5), their eet is preisely that of a gauge instanton after
a small instanton transition.
We reall from the previous setion that, taking the impliit fator of (
0
)
2
in the tree-level part J ^ J ^ 
1
(V
k
i
) into aount, the perturbative orretion of
the slope arises of ourse preisely at order g
2
s
relative to the tree-level part. The
reason why we hose to write the modied slope as (V
k
i
; 
0
g
s
) is to remind us
that the orretion beomes small as ompared to the tree-level term if g
s
is small
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and/or we are in the large radius regime, where integrals involving J dominate.
This will be important momentarily.
Mimiking the situation at tree-level, the supersymmetry ondition omes in
two parts: The loal onstraint is the deformed Hermitian Yang-Mills equation
(3.128). In addition we have to speify whih value the deformed slope has to
take. This latter piee of information is all we nd from the four-dimensional
D-term onstraint (3.124) upon identifying the deformed slope with the loop-
orreted FI term. Note that equation (3.129) is just a reformulation of this
D-term onstraint
18
.
Stritly speaking, we annot rigorously exlude the appearane of additional
ohomologially trivial forms on the left-hand side of (3.128) whih vanish upon
integration and whose eet annot simply be deteted in the supergravity anal-
ysis. After all, the latter only provides us with the integrated version of the
Hermitian Yang-Mills equation. To be ompletely preise we should therefore
add the exterior derivative of some potential globally dened ve-form. Irrespe-
tive of this subtlety, the denition of (V
k
i
; 
0
g
s
) as the integral over the left-hand
side of (3.128) is independent of suh terms, of ourse.
In view of the deformation of the HYM equation at one loop in string pertur-
bation theory, also the stability ondition on the gauge bundles must be modied
appropriately. So whih is the stability ondition guaranteeing a solution to
(3.128)?
Let us neglet for the moment the D-term onstraint on , whih relates the
tree-level and the one-loop piee in , and fous solely on the deformed HYM
equation (3.128) for arbitrary . To nd the orret notion of stability in this less
onstrained situation, we rely on some inspiration from an analogous problem in
the mathematial literature, as studied by Leung [126℄. He onsiders a dierent
deformation of the HYM equation, namely
e
tJ+
1
2
F
Td(M) = (V; t) id; where (V; t) =
1
rkV
Z
M
e
tJ
h(F ) Td(M):
(3.131)
The quantity (V; t) is known as the Gieseker slope of V . The important point
is that the term at highest order in t is just the familiar t
2
J ^ J ^ F , whereas
the deformations are of lower order. In this sense equ. (3.131) is perturbative
in t sine it redues to the undeformed HYM equation for t!1. What Leung
proved is the following theorem: For every vetor bundle V there exists a T
V
> 0
suh that for all t > T
V
V admits a onnetion whose eld strength is a solution
of equ.(3.131) (for this t) if and only if V is (V; t)-stable, i.e. if eah subsheaf
W of V is of smaller (W; t)-slope than V .
To make the analogy to our situation rystal lear, we divide equ.(3.128) by
(
0
g
s
)
2
and identify (
0
g
s
)
 1
with t. As in Leung's ase, for large t the tree-level
18
In Type IIB theory, as will be disussed, this equation denes whih N = 1 subalgebra of
the bulk N = 2 supersymmetry algebra the gauge instantons on the D-branes have to respet.
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part both in the HYM equation and in the assoiated slope dominates over the
loop orretion. Clearly, what we mean by small 
0
is that we are in the large
radius regime. All that diers in our ase is the preise form of this perturbative
orretion, but this is irrelevant for Leung's argument to work.
We are thus lead to the following
Conjeture 2:
Given a holomorphi vetor bundle V , then there exists a value of 
0
g
s
, de-
pending on V , suh that for all 
0
g
s
smaller than this ritial value V ad-
mits a onnetion whose eld strength satises the one-loop deformed Hermitian
Yang-Mills equation (3.128) i eah subbundle W with rk(W) < rk(V ) satises
(W; 
0
g
s
) < (V; 
0
g
s
).
This proposal reeives onvining support from the orresponding phenomena
ourring in the ontext of the SO(32) heteroti string, as we will disuss in
setion (4.7.3). There we will be able to identify the one-loop orreted stability
ondition on the bundles as the S-dual version of the perturbative part of the -
stability ondition as formulated in the ontext of the derived bounded ategory
of oherent sheaves [78℄ in type II B string theory. Indeed, on the Type I side, the
perturbatively exat stability ondition is just given by replaing the familiar -
slope with the -slope in the above perturbative sense. A mathematial proof of
this statement an be found in [127℄ and more details will be provided in setion
(4.7.3).
On the other hand one an easily onvine oneself that perturbatively every
-stable bundle is also -stable in the following sense: Given a -stable vetor
bundle V , then there exists a value of 
0
g
s
(depending on V ) suh that for all

0
g
s
smaller than that ritial value V is (V; 
0
g
s
)-stable (with respet to these
values of 
0
g
s
). This follows from the fat that for 
0
g
s
suÆiently small, the
dominant part in the -slope of V and of eah of its nitely many subsheaves
W is the tree-level part, whih is just the -slope. The perturbative orretions
therefore do not spoil the fat that (W; 
0
g
s
) < (V; 
0
g
s
) sine (W) < (V )
for all W by assumption.
The situation hanges drastially if we now take into aount also the D-
term ondition (3.129), i.e. if we pose additional onstraints on the value whih
the slope of V is to take. Assume for simpliity that we do not turn on any
harged matter elds so that the slope is simply equated to zero aording to
equ. (3.129). If the one-loop ontribution in the -slope for V does not happen
to vanish by itself, this implies that the tree-level and the one-loop piee have to
anel eah other and must therefore be of the same order of magnitude. The
above arguments onerning our simple version of -stability and its relation to
-stability, however, only work if the tree-level part dominates arbitrarily over the
loop-orretion for 
0
g
s
small enough. As a result, for a non-vanishing one-loop
term, we annot simply infer that a -stable bundle solves the deformed HYM
equation. This does not mean that the one-loop term neessarily has to vanish
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for supersymmetry to be preserved, but in ase it does not, we do not yet have
an appropriate stability onept guaranteeing a solution to the HYM, and a more
sophistiated mathematial analysis is required. Let us emphasize at this stage
already that the onrete appliations we will present are not in onit with
this subtlety sine the one-loop ontribution to the DUY equation will vanish by
onstrution in all ases of interest.
We stress furthermore that although the one-loop part of the slope (V; 
0
g
s
)
is learly present only if 
1
(V ) 6= 0, this does not mean that the above analysis
is relevant only if we embed a U(N) as opposed to an SU(N) bundle into E
8
.
Rather, the one-loop terms in the loal Hermitian Yang-Mills equation are in
general non-vanishing also for SU(N) bundles. In this ase, however, thanks to
the foregoing arguments, -stability is always suÆient for supersymmetry in the
same way as it is suÆient for U(N) bundles for whih the orretion in (V; 
0
g
s
)
vanishes. In both ases, there must not exist an a priori lower bound on 
0
g
s
sine
in relating -stability to -stability, we do not know the ritial value of g
s
below
whih the rst implies the latter.
Whih further orretions to the DUY ondition and to the Hermitian Yang-
Mills equation do we expet? From the supergravity analysis of the D-term and
the usual non-renormalisation arguments, it is lear that there annot exist any
higher perturbative string-loop ontributions. Moreover, it is known [128℄ that
there are no one-loop Fayet-Iliopoulos terms in the Type I string theory. Conse-
quently, S-duality ditates that the DUY equation is also exat in sigma-model
perturbation theory sine it maps expressions at one-loop order in g
s
to perturba-
tive 
0
orretions. However, there might, and most probably will be additional
non-perturbative orretions in g
s
and 
0
whih are beyond the sope of this
analysis. After all, it is the appearane of non-perturbative 
0
orretions to the
D-term supersymmetry onditions in Type IIB whih requires the introdution
of the onept of full -stability [78℄.
3.6.4 D-term potential for M5-branes
Let us go bak to the Fayet-Iliopoulos term (3.122) and disuss possible onlu-
sions about the D-terms arising from the ve-branes. Apparently, a ux through
the two-yle 
a
of a ve-brane on the wall E
(i)
8
generates a one-loop D-term
potential for the ve-brane modulus 
a
. From (3.122) it seems at rst sight that
this D-term repels the ve-brane from the wall and vanishes only if the ve-brane
lies on top of the other wall. However, reall from (3.123) that the D-term salar
potential for a massive U(1) atually involves the quotient of the FI-term and the
gauge oupling, whih, too, depends on the ve-brane modulus in a non-trivial
manner.
In order to get a qualitative idea of the ombined eet of the FI terms and
the threshold orreted gauge oupling, it is instrutive to analyse a simple toy
example. Consider the Quinti Calabi-Yau manifold, whih has only one Kahler
modulus, and assume that we have hosen a vetor bundle V  L
 1
embedded
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into the rst E
8
wall without any matter harged under the U(1). Then the
D-term potential arising from the FI-term of the U(1) is simply
V
D
=
1
2
g
2


g
2

2
; (3.132)
where g denotes the gauge oupling of the U(1). For the Quinti one has 
2
(T ) =
10
2
and J = `
2
s
r  with r > 0 in terms of the single (1; 1)-form . Moreover, we
write h
2
(V ) =  v
2
+
1
2
l
2

2
and h
2
(L) =
1
2
l
2

2
and introdue one ve-brane
wrapping the lass . The tadpole anellation ondition then reads
 v + l
2
  
2
=  10: (3.133)
The relevant D-term potential takes the form
V
D
'

r
2
g
2
s
  (
2
  5) +
 
1
2
  

2

2

2

r
2
g
2
s
  3(
2
  5) + 3
 
1
2
  

2

2
 

2
1;1

1;1
l
2

: (3.134)
For xed string oupling g
s
= 0:5, radius r = 2 and a hoie of parameters
 = l = 2, 
2
1;1
=
1;1
= 1=10, this potential for the ve-brane modulus  has the
harateristi shape shown in gure 3.2. Naively, as pointed out, from the FI-term
one might have expeted that the ve-brane is repelled by the E
8
walls arrying
a non-trivial line bundle. However, the ontribution of the g
2
term multiplying
the FI-term in the salar potential hanges this piture and leads to an attrative
potential between the ve-brane and the E
8
wall arrying the bundle.
How an we understand the physis behind this attrative interation? Arising
at one loop in the weakly oupled heteroti string, it is expeted to be due to
appropriate amplitudes from membranes after unfolding the wrapped eleventh
dimension in the strongly-oupled Horava-Witten regime. In fat, as derived in
[123℄, there are non-perturbative ontributions to the F-term superpotential from
open membranes strething between one of the orbifold xed planes and the M5-
brane provided that the worldvolume of the membranes is preisely of the form I

a
. Here I simply denotes the interval along the eleventh dimension between the
orbifold plane and ve-brane. We see that, apparently, suh ongurations also
ontribute to the D-term potential if the membrane an ouple to some abelian
bakground gauge ux on the orbifold plane. As is manifest in (3.125), this an
only happen if the ve-brane wraps a two-yle whih, pulled bak to the end
of the world, arries non-vanishing gauge ux. In partiular, this interpretation
explains why the ve-brane is sensitive to the presene of the gauge ux along

a
even though it may be plaed at an arbitrary position along the eleventh
dimension: The presene of the gauge ux is ommuniated by the exhange of
appropriate open membranes.
This interpretation of the D-term potential as being due to open membranes
strething between the orbifold xed plane and the M5-brane is well in agreement
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with the generi form of the potential found in (3.134): The ontribution of the
membranes is of ourse minimized preisely if the interval along whih they wrap
between the end of the world and the ve-brane is vanishing.
3.7 Example (I): Breaking E
8
to ipped SU(5)
U(1)
X
It is high time to illustrate the hitherto studied framework by means of onrete
examples. The number of possible embeddings is extremely high if we take into
aount all oneivable ombinations of the various building bloks at our dis-
posal. In the next two setions, we will therefore restrit our attention to realisti
four-dimensional gauge groups, fousing on the detailed appliation of the teh-
nial aspets presented by now. Phenomenologial onsiderations and onrete
model building are postponed to hapter 7.
As a warm-up we exemplify the breaking of the E
8
group down to the ipped
SU(5) gauge group based on the branhing
SU(4) U(1)
X
0
 SU(5)  E
8
 ! SU(5) U(1)
X
0
: (3.135)
The embedding SU(5)  E
8
! SU(5) indues the familiar deomposition
248  ! (24; 1) + (1; 24) + (5; 10) + (5; 10) + (10; 5) + (10; 5): (3.136)
Next we deompose the internal SU(5) representations under SU(5)! SU(4)
U(1)
X
0
aording to (3.14) as
24  ! 15
0
+ 1
0
+ 4
5
+ 4
 5
;
5  ! 4
1
+ 1
 4
;
10  ! 6
2
+ 4
 3
: (3.137)
In ombination these two steps lead to the spetrum
19
248
SU(4)SU(5)U(1)
X
0
 !
8
>
>
>
<
>
>
>
>
:
(15; 1)
0
(1; 1)
0
+ (1; 10)
 4
+ (1; 10)
4
+ (1; 24)
0
(4; 1)
5
+ (4; 5)
 3
+ (4; 10)
1
(4; 1)
 5
+ (4; 5)
3
+ (4; 10)
 1
(6; 5)
 2
+ (6; 5)
2
9
>
>
>
=
>
>
>
>
;
: (3.138)
We point out, at this stage merely as an appetizer, that the abelian harges
of the spetrum are proportional to the U(1)
X
in the ipped SU(5) model, thus
justifying the notation. This ruial fat will be heavily exploited in the ontext
of the phenomenologial adventures of hapter 7.
19
Note that in the last line we used that 6 = 6 for the antisymmetri of SU(4).
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Let us now turn to the expliit bundles whih realize this breaking of E
8
.
Starting with onstrutions of type A, we hoose the Whitney sum
W = V  L suh that 
1
(V ) = 0 (3.139)
with struture group G = SU(4)  U(1). The embedding of the line bundle is
aomplished by identifying its eld strength with the diagonal SU(5) generator
T
X
0
= (1; 1; 1; 1; 4): (3.140)
As shown in table 3.2, the deomposition (3.138) allows one immediately to read
o the ohomology lasses determining the massless spetrum.
reps. Cohomology (Type A)
10
1
H

(M; V 
 L)
10
 4
H

(M; L
 4
)
5
 3
H

(M; V 
 L
 3
)
5
2
H

(M;
V
2
V 
 L
2
)
1
5
H

(M; V 
 L
5
)
Table 3.2: Massless spetrum of H = SU(5) U(1)
X
0
models.
From this embedding of the struture group, we an determine the resulting
tadpole anellation ondition (3.26) by omputing the traes as spelled out in
(3.23),
tr(F
2
) =
1
30
Tr(F
2
) =
1
30
X
x
2(2)
2
(h
2
(U
x
) dim(R
x
))
= 2 tr
SU(4)
f
(F
2
SU(4)
) + 40F
2
U(1)
= 4 (2)
2
( 
2
(V ) + 10 
2
1
(L));
tr(R
2
) = 2 tr
SU(3)
f
(R
2
) =  4 (2)
2

2
(T ): (3.141)
This yields the tadpole anellation ondition

2
(V )  10 
2
1
(L) = 
2
(T ): (3.142)
The net-number of hiral multiplets is given by the Euler harateristi of
the various bundles in table 3.2. Note that extra gauge bosons are ounted by
H

(M;O), whih an only appear if L
4
is the trivial bundle O, i.e. 
1
(L) = 0.
Clearly in this ase the gauge symmetry is extended to SO(10), whih is preisely
the ommutant of SU(4) in E
8
. Another way to see this is that the 20 additional
vetor multiplets from the (1; 10)
 4
and its onjugate arising when L
4
gets trivial
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preisely ll out, together with the 24+ 1 in the adjoint of SU(5) U(1)
X
0
, the
45-dimensional adjoint representation of SO(10). We will enounter muh more
intriate patterns of gauge symmetry enhanement for the ase that more U(1)
bundles are involved in the next setion.
It is now a straightforward exerise to ompute the four-dimensional gauge
anomalies from the general expressions given in equation (3.28), using also the
trae identities of appendix A.2.
 The non-abelian SU(5)
3
anomaly is proportional to
A
SU(5)
3
= (M; V 
 L) + (M; L
 4
)  (M; V 
 L
 3
)  (M;
V
2
V 
 L
2
)
(3.143)
and vanishes identially even without invoking the tadpole anellation ondition.
 The mixed abelian-gravitational anomaly U(1)
X
0
  G
2

however does not di-
retly vanish and is given by
A
U(1) G
2

= 10(M; V 
 L)  40(M; L
 4
)  15(M; V 
 L
 3
) +
10(M;
V
2
V 
 L
2
) + 5(M; V 
 L
5
)
= 10
Z
M

1
(L)

12( 
2
(V ) + 10 
2
1
(L)) + 5 
2
(T )

: (3.144)
 Similarly the mixed abelian-non-abelian anomaly U(1)
X
0
  SU(5)
2
takes the
form
A
U(1) SU(5)
2
= 3(M; V 
 L)  12(M; L
 4
)  3(M; V 
 L
 3
) +
2(M;
V
2
V 
 L
2
)
= 10
Z
M

1
(L)

2(  
2
(V ) + 10 
2
1
(L)) + 
2
(T )

: (3.145)
 Finally for the U(1)
3
X
0
anomaly one obtains
A
U(1)
3
= 10(M; V 
 L)  640(M; L
 4
)  135(M; V 
 L
 3
) +
40(M;
V
2
V 
 L
2
) + 125(M; V 
 L
5
) (3.146)
= 200
Z
M

1
(L)

6( 
2
(V ) + 10 
2
1
(L)) + 40
2
1
(L) + 3 
2
(T )

:
These results are in omplete agreement with the general expressions (3.30) -
(3.32) if one uses (3.141) to rewrite them in terms of traes. Note that the
integrands only vanish if 
1
(L) = 0, in whih ase the gauge group is enhaned
to SO(10). In this simple onstrution, the U(1)
X
0
is therefore massive and only
present as a global symmetry. We will nd a way to irumvent this apparent
drawbak in hapter 7 when it omes to the onstrution of realisti ipped
SU(5) U(1)
X
vaua.
For embeddings of Type B, one starts with a bundle
W = V  L
 1
; with 
1
(V ) = 
1
(L); rank(V ) = 4; (3.147)
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whih has struture group SU(4) U(1). This bundle W an now be embedded
into an SU(5) subgroup of E
8
so that the ommutant is again SU(5)  U(1)
X
0
.
We embed the U(1) bundle suh that
Q
X
0
= (1; 1; 1; 1; 4); (3.148)
implying that the matrix Q dened in (3.12) is simply
Q = Q
X
0
(V ) +Q
X
0
(L) = 5: (3.149)
The massless spetrum is given by the ohomology lasses listed in Table 3.3.
reps. Cohom.
10
1
H

(M; V )
10
 4
H

(M; L
 1
)
5
 3
H

(M; V 
 L
 1
)
5
2
H

(M;
V
2
V )
1
5
H

(M; V 
 L)
Table 3.3: Massless spetrum of H = SU(5) U(1)
X
0
models.
An expliit evaluation of the traes (see again (3.23)) as
tr(F
2
) =
1
30
Tr(F
2
) =
1
30
X
x
2(2)
2
(h
2
(U
x
) dim(R
x
))
= 4(2)
2
(h
2
(V ) + h
2
(L)) (3.150)
onvines us that the tadpole anellation ondition reads

2
(V )  
2
1
(V ) = 
2
(T ): (3.151)
Similarly to the type A ase, one an show that all non-abelian gauge anomalies
anel and that the abelian ones,
A
U(1) G
2

=
5
2
Z
M

1
(L)
h
12

  
2
(V ) + 
2
1
(L)

+ 5 
2
(T )
i
;
A
U(1) SU(5)
2
=
5
2
Z
M

1
(L)
h
2

  
2
(V ) + 
2
1
(L)

+ 
2
(T )
i
; (3.152)
A
U(1)
3
= 25
Z
M

1
(L)
h
12

  
2
(V ) + 
2
1
(L)

+ 5
2
1
(L) + 6 
2
(T )
i
;
being onsistent with the general result displayed at the end of setion (3.4.1), are
anelled by a Green-Shwarz mehanism. Note in partiular that 
X
0
;X
0
= 40,
see (3.25).
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3.8 Example (II): Breaking E
8
to SU(3) SU(2)
U(1)
Y
Our model building possibilities are not limited to the onstrution of GUT group
vaua. In this setion, we exemplify the breaking of E
8
diretly down to the
Standard Model gauge group based on the branhing
SU(6)  E
8
 ! SU(3) SU(2): (3.153)
The general strategy presented in setion (3.1) allows us to iteratively inorporate
additional line bundles and thus to introdue various abelian gauge fators into
the visible gauge group. This is at the ost of lowering the rank of the non-
abelian bundle V
N
i
. In the presene of several U(1) fators an extremely rih
pattern emerges with numerous ways to obtain the Standard Model gauge group
and spetrum. In this setion, we merely fous on one of the two E
8
fators in
order to explain the building bloks for the phenomenologial appliations to be
disussed later.
As far as the resulting spetrum is onerned, we rst note that the embedding
(3.153) indues the following deomposition of the adjoint representation of E
8
248  ! (35; 1; 1) + (1; 8; 1) + (1; 1; 3) +
(20; 1; 2) + ((6; 3; 2) + (15; 3; 1) + ::): (3.154)
We now deompose the internal SU(6) following the steps spelled out in setion
(3.1). Speially, we perform the deompositions
SU(6)  ! SU(5) U(1)
Y
0
 ! SU(4) U(1)
X
0
 U(1)
Y
0
 ! SU(3) U(1)
Z
 U(1)
X
0
 U(1)
Y
0
: (3.155)
3.8.1 Bundles with struture group SU(5) U(1)
To realize the rst step in the sequene (3.155), we hoose a bundle of type A
with struture group SU(5) U(1)
Y
0
, i.e. we onsider the onguration
W
1
= V  L; with rank(V ) = 5: (3.156)
Clearly, the ommutant in E
(1)
8
is SU(3)SU(2)U(1)
Y
0
. The abelian harges of
the states follow from the embedding of U(1)
Y
0
into SU(6) suh that the abelian
generator is identied with the diagonal element
T
Y
0
= (1; 1; 1; 1; 1; 5) (3.157)
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in SU(6). We deompose the various SU(6) representations under the splitting
SU(6)  ! SU(5) U(1)
Y
0
,
35  ! 24
0
+ 1
0
+ 5
6
+ 5
 6
;
6  ! 5
1
+ 1
 5
;
15  ! 10
2
+ 5
 4
;
20  ! 10
3
+ 10
 3
:
(3.158)
One may onvine oneself that this is in agreement with the general branhing
rule (3.14), taking into aount in partiular that the third rank antisymmetri
representation of SU(5) is the 10. Combining (3.158) with (3.154) eventually
leads to the deomposition of the adjoint representation of E
8
as
248
SU(5)SU(3)SU(2)U(1)
Y
0
 !
8
>
>
<
>
>
:
(24; 1; 1)
0
+ (1; 1; 1)
0
+ (1; 8; 1)
0
+ (1; 1; 3)
0
(5; 3; 2)
1
+ (1; 3; 2)
 5
+ ::
(10; 3; 1)
2
+ (5; 3; 1)
 4
+ ::
(10; 1; 2)
3
+ (5; 1; 1)
6
+ ::
9
>
>
=
>
>
;
:
(3.159)
As beomes obvious after redening the visible U(1) harges as
Q
Y
=
1
3
Q
Y
0
; (3.160)
(3.159) apparently ontains states with just the Standard Model quantum num-
bers, as displayed in table (3.4). The expressions for the ohomology lasses
ounting the hiral fermions follow from the general onsiderations at the end of
setion (3.2) and are listed in the seond olumn of table (3.4).
SU(3) SU(2) U(1)
Y
ohom. (type A) ohom. (type B) SM part.
(3; 2)
1
3
(V 
 L) (V ) q
L
(3; 2)
 
5
3
(L
 5
) (L
 1
)  
(3; 1)
2
3
(
V
2
V 
 L
2
) (
V
2
V ) d

R
(3; 1)
 
4
3
(V 
 L
 4
) (V 
 L
 1
) u

R
(1; 2)
 1
(
V
2
V 
 L
 3
) (
V
2
V 
 L
 1
) l
L
(1; 1)
2
(V 
 L
6
) (V 
 L) e

R
Table 3.4: Massless spetrum of H = SU(3)  SU(2)  U(1)
Y
models from internal
SU(5) U(1) bundles.
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To study the gauge enhanement pattern, we reall that additional gauge
bosons (respetively their fermioni superpartners) in the visible spetrum, whih
would indiate the enhanement of the original gauge group, are ounted by
H

(M;O). Inspetion of the appearing ohomology groups reveals that this
is only possible when 
1
(L) = 0, in whih ase H

(M; L
 5
) degenerates. The
appearane of a trivial bundle therefore enlarges the number of gauge bosons
from 8+3+1 by the vetor-like pair (3; 2)
 
5
3
to yield preisely the 24 generators
of SU(5). This is just what we expet, sine the ommutant of SU(5) is of ourse
simply SU(5) to whih the visible gauge group must get enhaned.
The tadpole anellation ondition follows from the by now well-familiar eval-
uation of the traes over the spetrum
20
tr(F
2
) =
1
30
Tr(F
2
) =
1
30
X
x
2(2)
2
(h
2
(U
x
) dim(R
x
))
= 2 tr
SU(5)
f
(F
2
SU(5)
) + 60F
2
U(1)
Y
0
= 4 (2)
2
( 
2
(V ) + 15
2
1
(L));
tr(R
2
) = 2 tr
SU(3)
f
(R
2
) =  4 (2)
2

2
(T ): (3.161)
The tadpole anellation ondition (3.26) onsequently takes the form

2
(V )  15 
2
1
(L) = 
2
(T ): (3.162)
We now proeed to the omputation of the eld-theoreti anomalies with the
help of (3.28).
 The non-abelian SU(3)
3
anomaly is proportional to
A
SU(3)
3
= 2 ((V 
 L) + (L
 5
))  (
2
V 
 L
2
)  (V 
 L
 4
) (3.163)
and vanishes even without invoking the tadpole anellation ondition. Of
ourse there are no SU(2)
3
anomalies anyway.
 For the mixed abelian-gravitational U(1)
Y
0
  G
2

anomaly, we nd the in
general non-vanishing expression
A
U(1)
Y
0
 G
2
= 6(V 
 L)  30(L
 5
) + 6(
2
V 
 L
2
)  12(V 
 L
 4
)
 6(
2
V 
 L
 3
) + 6(V 
 L
6
)
= 180
Z
M

1
(L)

( 
2
(V ) + 15 
2
1
(L)) +
5
12

2
(T )

: (3.164)
 Similarly the mixed abelian-non-abelian anomaly U(1)
Y
0
  SU(3)
2
takes
the form
A
U(1) SU(3)
2
= 2(V 
 L)  10(L
 5
) + 2(
2
V 
 L
2
)  4(V 
 L
 4
)
= 30
Z
M

1
(L)

(  
2
(V ) + 15 
2
1
(L)) +
1
2

2
(T )

; (3.165)
20
Note that we keep the original normalisation of U(1)
Y
0
whih diers from that of the visible
hyperharge by a fator of 3.
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and the mixed abelian-non-abelian anomaly U(1)
Y
0
  SU(2)
2
follows like-
wise as
A
U(1) SU(2)
2
= 3(V 
 L)  15(L
 5
)  3(
2
V 
 L
 3
)
= 30
Z
M

1
(L)

(  
2
(V ) + 15 
2
1
(L)) +
1
2

2
(T )

:
(3.166)
 Finally, we obtain the following ubi abelian U(1)
3
Y
0
anomaly
A
U(1)
3
Y
0
= 6(V 
 L)  750(L
 5
) + 24(
2
V 
 L
2
)  144(V 
 L
 4
)
 54(
2
V 
 L
 3
) + 216(V 
 L
6
)
= 2700
Z
M

1
(L)

( 
2
(V ) + 15 
2
1
(L)) +
1
2

2
(T ) + 10
1
(L)
2

:
(3.167)
It is satisfatory to note that these anomalies are in agreement with the general
formulae (3.31), (3.30) and (3.32). As a result, unless the line bundle is trivial,
i.e. 
1
(L) = 0, the U(1)
Y
symmetry is anomalous and its anomaly has the right
form to be anelled by the Green-Shwarz mehanism. From the general form
of the axion-boson mass terms (3.87) and (3.88), we onvine ourselves that the
U(1)
Y
is indeed massive whenever 
1
(L) 6= 0.
Having disussed the details of the type A onstrution, let us start alterna-
tively with a bundle of type B, i.e.
W = V  L
 1
; with 
1
(V ) = 
1
(L); rank(V ) = 5; (3.168)
and embed the U(1)
Y
0
bundle suh that
Q
Y
0
= (1; 1; 1; 1; 1; 5): (3.169)
The massless spetrum is now ounted by the ohomology groups summarized in
the third olumn of table (3.4). Expliit omputation yields
tr(F
2
) =
1
30
Tr(F
2
) =
1
30
X
x
2(2)
2
(h
2
(U
x
) dim(R
x
))
= 4(2)
2
(h
2
(V ) + h
2
(L)) (3.170)
and onrms the assertion made earlier that the tadpole ondition for type B
bundles takes the form

2
(V )  
2
1
(V ) = 
2
(T ): (3.171)
Again, the resulting anomalies are in agreement with the general expression dis-
played in setion (3.4.1).
If we are interested in phenomenologial appliations, we must therefore nd a
mehanism how to keep the U(1)
Y
massless. What resues us is that for suitably
hosen bundle data the Stukelberg mehanism only yields masses for partiular
ombinations of U(1) fators. Let us therefore proeed and inlude another line
bundle.
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3.8.2 Bundles with struture group SU(4) U(1)
2
By means of a seond U(1)
X
0
bundle, we an further break the internal SU(5) to
SU(4)U(1)
X
0
while keeping the non-abelian part of the visible Standard Model
gauge symmetry. Conretely, we now onsider an SU(4)U(1)
X
0
U(1)
Y
0
bundle
of type A a la
W = V  L
1
 L
2
(3.172)
or of type B, i.e,
W = V  L
 1
1
 L
 1
2
with 
1
(W ) = 0; (3.173)
respetively. In this latter ase, the embedding of the two U(1) bundles into
SU(6) is given by
Q
X
0
= (1; 1; 1; 1; 4; 0); Q
Y
0
= (1; 1; 1; 1; 1; 5): (3.174)
The for later use we note that the traes (3.25) yield 
X
0
;X
0
= 40 and 
Y ;Y
= 60.
For the type B onstrution, the harge matrix beomes
Q =

5 1
0 6

: (3.175)
The visible gauge group is H = SU(3)  SU(2)  U(1)
X
0
 U(1)
Y
0
and the
resulting deomposition of the adjoint representation of E
8
reads
248
SU(4)SU(3)SU(2)U(1)
2
 !
8
>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
:
(15; 1; 1)
0;0
2 (1; 1; 1)
0;0
+ (1; 8; 1)
0;0
+ (1; 1; 3)
0;0
(1; 3; 2)
0; 5
+ ::
(1; 3; 2)
 4;1
+ (1; 3; 1)
 4; 4
+ (1; 1; 1)
 4;6
+ ::
(4; 3; 2)
1;1
+ (4; 3; 1)
1; 4
+ (4; 1; 1)
1;6
+ ::
(4; 3; 1)
 3;2
+ (4; 1; 2)
 3; 3
+ (4; 1; 1)
5;0
+ :
(6; 3; 1)
2;2
+ (6; 1; 2)
2; 3
+ ::
9
>
>
>
>
>
>
>
>
=
>
>
>
>
>
>
>
;
:
The (possibly anomalous) hyperharge U(1)
Y
and the U(1)
B L
harge are given
by the linear ombinations
Q
Y
=  
1
15
Q
Y
0
+
2
5
Q
X
0
; Q
B L
=
2
15
Q
Y
0
+
1
5
Q
X
0
: (3.176)
The massless spetrum is ounted by the ohomology lasses in table 3.5. As
far as the interpretation of the states as Standard Model partiles is onerned,
a omparison of the spetrum in table 3.5 and the one in table 3.4 reveals a
general feature: The inlusion of several U(1) fators in the same E
8
fator,
whih seems to be required in order to keep the U(1)
Y
massless, gives rise to
a number of (unwanted) hiral exoti states whose ohomology is ounted just
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reps. ohom. (type A) ohom. (type B) SM part.
(3; 2)
1;1
H

(M; V 
 L
1

 L
2
) H

(M; V ) q
L
(3; 1)
1; 4
H

(M; V 
 L
1

 L
 4
2
) H

(M; V 
 L
 1
2
) d

R
(1; 1)
1;6
H

(M; V 
 L
1

 L
6
2
) H

(M; V 
 L
2
) 
R
(3; 1)
 3;2
H

(M; V 
 L
 3
1

 L
2
2
) H

(M; V 
 L
 1
1
) u

R
(1; 2)
 3; 3
H

(M; V 
 L
 3
1

 L
 3
2
) H

(M; V 
 L
 1
1

 L
 1
2
) l
L
(1; 1)
5;0
H

(M; V 
 L
5
1
) H

(M; V 
 L
1
) e

R
(3; 1)
2;2
H

(M;
V
2
V 
 L
2
1

 L
2
2
) H

(M;
V
2
V ) (d

R
)
(1; 2)
2; 3
H

(M;
V
2
V 
 L
2
1

 L
 3
2
) H

(M;
V
2
V 
 L
 1
2
) (l

L
)
(3; 2)
 4;1
H

(M; L
 4
1

 L
2
) H

(M; L
 1
1
) -
(3; 1)
 4; 4
H

(M; L
 4
1

 L
 4
2
) H

(M; L
 1
1

 L
 1
2
) -
(1; 1)
 4;6
H

(M; L
 4
1

 L
6
2
) H

(M; L
 1
1

 L
2
) -
(3; 2)
0; 5
H

(M; L
 5
2
) H

(M; L
 1
2
) -
Table 3.5: Massless spetrum of H = SU(3)  SU(2)  U(1)
X
0
 U(1)
Y
0
models.
The last olumn gives the interpretation as SM partiles with orret Q
Y
and Q
B L
.
Brakets denote that only the hyperharge of the state is the SM one.
by tensor produts of the line bundles. We will nd a way how to avoid this
drawbak later on.
The resulting tadpole anellation ondition reads

2
(V )  10 
2
1
(L
1
)  15 
2
1
(L
2
) = 
2
(T ) (3.177)
for the type A bundle and
 h
2
(V ) 
1
2
2
X
i=1

2
1
(L
i
) = 
2
(T ) (3.178)
for the type B bundle. For generi rst Chern lasses 
1
(L
1
) and 
1
(L
2
), the two
U(1) gauge symmetries are anomalous and gain a mass via the Green-Shwarz
mehanism. Therefore, the generi unbroken gauge symmetry is SU(3)SU(2).
By omputing the various anomalies, one nds that the linear ombination
U(1)
f
' 
1
U(1)
X
0
+ 
2
U(1)
Y
0
(3.179)
is anomaly-free preisely if the rst Chern lasses of the two line bundles for the
SU(4) U(1)
2
ase satisfy the relation
2
1

1
(L
1
) + 3
2

1
(L
2
) = 0 (3.180)
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and for the U(4) U(1)
2
ase
5
1

1
(L
1
) + (6
2
  
1
) 
1
(L
2
) = 0: (3.181)
A detailed analysis of the relevant mass matrix shows that in these situations the
anomaly-free U(1)
f
is also massless and therefore unbroken.
In the SU(4)U(1)
2
ase, for ertain values of the parameters 
1
; 
2
some of
the line bundles L
 4
1

 L
2
, L
 4
1

 L
 4
2
, L
 4
1

 L
6
2
and L
 5
2
appearing in Table 3.5
beome trivial and signal a non-abelian enhanement of the gauge symmetry. For
the U(4)U(1)
2
bundles the situation is of ourse ompletely similar. The ve
21
possible non-abelian enhanements of SU(3)SU(2) are depited in gure (3.3).
The easiest way to nd the enhaned gauge groups is to ount the number of
additional gauge bosons arising when one of the tensor produts of line bundles
beomes trivial. For example, when L
 4
1

 L
6
2
is trivial, i.e. 
1
(L
1
) =
3
2

1
(L
2
),
we nd two additional vetor multiplets (from (1; 1)
 4;6
and its onjugate) whih
enhane the SU(3)SU(2)U(1) to SU(3)SU(2)SU(2). Likewise, one may
hek that indeed the hiral spetrum organizes into orresponding multiplets of
the enhaned gauge group by omputing expliitly the various Euler haraters
of the representations. This reveals that not only the expeted SO(10) and
SU(5) gauge groups are possible, but also other gauge groups ontaining SU(3)
SU(2) U(1)
2
as a subgroup.
Another way to understand these gauge symmetry enhanements is by ob-
serving that the linear relations (3.180), (3.181) for the two line bundles imply
a redution of the struture group to SU(4)  U(1), whih of ourse enhanes
the ommutant. Its preise form depends on how the U(1) is embedded into
SO(10), but suh a group theoreti analysis is not neessary as one an read o
the enhaned gauge symmetries simply from Table 3.5.
3.8.3 Bundles with struture group SU(3) U(1)
3
Let us explore further the model building possibilities several line bundles bring
about and onsider the embedding of a bundle of the type
W = V  L
1
 L
2
 L
3
(3.182)
with struture group G = SU(3)U(1) U(1)U(1). We thus break E
8
down
to H = SU(3)SU(2)U(1)
Z
U(1)
X
0
U(1)
Y
0
by replaing the internal SU(4)
bundle of the previous example by an SU(3) U(1)
Z
bundle. Alternatively, one
an again hoose the bundle W to be of the form
W = V  L
 1
1
 L
 1
2
 L
 1
3
(3.183)
and the struture group of V to be U(3). In this latter ase, the embedding of
the three U(1) bundles into SU(6) is given by
Q
1
= (1; 1; 1; 3; 0; 0); Q
2
= (1; 1; 1; 1; 4; 0); Q
3
= (1; 1; 1; 1; 1; 5)
(3.184)
21
Inluding the ase that all line bundles are trivial.
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c  (L  )1 1
c  (L  )
SU(4) x SU(2) 
SU(5)
SU(5)
SO(10)
SU(3) x SU(2) x SU(2)
SU(3) x SU(2) 
1 2 1
c  (L  )1
c  (L  )
SU(5)
SO(10)
SU(3) x SU(2) x SU(2)
SU(5)
SU(4) x SU(2) 
2
1
Figure 3.3: Gauge symmetry enhanement for bundles with struture group
SU(4)  U(1)
2
. On generi lines through the origin the gauge symmetry is en-
haned to SU(3)  SU(2)  U(1) while for the spei values shown one gets
even non-abelian enhanement. The left image shows the loi of non-abelian en-
hanement in the (
1
(L
1
); 
1
(L
2
))-plane for Type A bundles and the right image
for Type B.
with 
Z;Z
= 24, 
X
0
;X
0
= 40 and 
Y ;Y
= 60. This leads to
Q =
0

4 1 1
0 5 1
0 0 6
1
A
: (3.185)
The massless spetrum for both ases is ounted by the respetive ohomology
lasses in Table 3.6.
The resulting tadpole anellation ondition reads

2
(V )  6 
2
1
(L
1
)  10 
2
1
(L
2
)  15 
2
1
(L
3
) = 
2
(T ) (3.186)
for the SU(3) U(1)
3
bundle and
 h
2
(V ) 
1
2
3
X
i=1

2
1
(L
i
) = 
2
(T ) (3.187)
for the U(3) U(1)
3
bundle.
For generi rst Chern lasses 
1
(L
1
), 
1
(L
2
) and 
1
(L
3
) the three U(1) gauge
symmetries are anomalous and gain a mass via the Green-Shwarz mehanism,
resulting as before in SU(3)  SU(2) as the generi gauge symmetry. However,
for partiular hoies of the bundle data we enounter a rih pattern of gauge
enhanements, as we will now disuss systematially.
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The omputation of the various anomalies for the SU(3)U(1)
3
ase reveals
that the linear ombination
U(1)
f
= 
1
U(1)
Z
+ 
2
U(1)
X
0
+ 
3
U(1)
Y
0
(3.188)
is anomaly-free preisely if the rst Chern lasses of the line bundles satisfy
6
1

1
(L
1
) + 10
2

1
(L
2
) + 15
3

1
(L
3
) = 0: (3.189)
The orresponding onstraint for the U(3) U(1)
3
ase reads
4
1

1
(L
1
)  (
1
  5
2
) 
1
(L
2
) + (6
3
+ 
1
  
2
) 
1
(L
3
) = 0: (3.190)
For linearly independent rst Chern lasses, the respetive equation annot be
satised other than trivially, of ourse, and we are left with gauge group SU(3)
SU(2). If, however, the 
1
(L
i
) span a two- or one-dimensional subspae of their
ohomology lass, we an nd { modulo resaling { preisely one or, respetively,
two non-anomalous U(1)
f
. These U(1) symmetries remain indeed massless.
l2
l3
D2 l3 l1
l 1 = 1 =   l2 l3 = 1
l1 l2
SU(6)SU(5)*SU(2)SO(10)*SU(2)SU(3)*SU(3)
C1 C2
B
C3
D2
B
−1
1
1
1
1
A3
A2
B
C1
D3
1
1
C3
C2
C1
C2
D3
A2
D1
A1
A3 A1
D1
Figure 3.4: Gauge symmetry enhanement for SU(3)  U(1)
3
bundles of Type
A. The piture shows the projetion of the various planes dened in Table 3.7
into the planes l
i
 
1
(L
i
) = 1. At the point l
i
= 0 for i = 1; 2; 3, the observable
gauge group is E
6
.
A loser look at Table 3.6 reveals a large number of possibilities for further
non-abelian gauge enhanements for those hoies of 
1
(L
1
); 
1
(L
2
); 
1
(L
3
) where
additional gauge bosons in the H

(M;O) representation arise. In fat, one an
verify that the spetrum then organises itself into multiplets of the orresponding
gauge group, as listed in Table 3.7. We arrive at even higher rank gauge groups if
several of the states transform in the trivial bundle simultaneously. The resulting
enhanement pattern is plotted shematially in Figure 3.4 for the ase that V
85
has struture group SU(3). An analogous pattern an of ourse be derived for
the U(3) bundle onstrution.
Independently of the onrete bundle data, one an hek that quite a few
values of 
1
; 
2
; 
3
admit an interpretation of the orresponding abelian fator,
if massless, as the MSSM hyperharge U(1)
Y
. We list them in Table 3.8 and
Table 3.9 together with the respetive andidates for MSSM fermions exhibiting
the required SU(3)  SU(2)  U(1)
Y
(but not neessarily U(1)
B L
) quantum
numbers.
86
lass reps. ohom. (type A) ohom. (type B)
D1 (1; 3; 2)
0; 4;1
H

(M; L
 4
2

 L
3
) H

(M; L
 1
2
)
D2 (1; 3; 2)
0;0; 5
H

(M; L
 5
3
) H

(M; L
 1
3
)
D3 (1; 3; 2)
 3;1;1
H

(M; L
 3
1

 L
2

 L
3
) H

(M; L
 1
1
)
D4 (3; 3; 2)
1;1;1
H

(M; V 
 L
1
1

 L
2

 L
3
) H

(M; V )
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H

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 3
1

 L
 3
2

 L
 3
3
) H

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1

 L
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2

 L
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3
)
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1
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3
) H
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1

 L
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3
)
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H
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1
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2
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3
3
) H

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1

 L
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2
)
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H

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1
1
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2
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 3
3
) H

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 L
 1
2

 L
 1
3
)
C1 (1; 3; 1)
0; 4; 4
H

(M; L
 4
2

 L
 4
3
) H

(M; L
 1
2

 L
 1
3
)
C2 (1; 3; 1)
 3; 3;2
H

(M; L
 3
1

 L
 3
2

 L
2
3
) H

(M; L
 1
1

 L
 1
2
)
C3 (1; 3; 1)
 3;1; 4
H

(M; L
 3
1

 L
2

 L
 4
3
) H

(M; L
 1
1

 L
 1
3
)
C4 (3; 3; 1)
 2;2;2
H

(M; V 
 L
 2
1

 L
2
2

 L
2
3
) H

(M; V 
 L
 1
1
)
C5 (3; 3; 1)
2;2;2
H

(M;
V
2
V 
 L
2
1

 L
2
2

 L
2
3
) H

(M;
V
2
V )
C6 (3; 3; 1)
1; 3;2
H

(M; V 
 L
1
1

 L
 3
2

 L
2
3
) H

(M; V 
 L
 1
2
)
C7 (3; 3; 1)
1;1; 4
H

(M; V 
 L
1
1

 L
2

 L
 4
3
) H

(M; V 
 L
 1
3
)
A1 (1; 1; 1)
0; 4;6
H

(M; L
 4
2

 L
6
3
) H

(M; L
 1
2

 L
3
)
A2 (1; 1; 1)
 3;5;0
H

(M; L
 3
1

 L
5
2
) H

(M; L
 1
1

 L
2
)
A3 (1; 1; 1)
 3;1;6
H

(M; L
 3
1

 L
2

 L
6
3
) H

(M; L
 1
1

 L
3
)
A4 (3; 1; 1)
1;5;0
H

(M; V 
 L
1
1

 L
5
2
) H

(M; V 
 L
2
)
A5 (3; 1; 1)
1;1;6
H

(M; V 
 L
1
1

 L
2

 L
6
3
) H

(M; V 
 L
3
)
A6 (3; 1; 1)
4;0;0
H

(M; V 
 L
4
1
) H

(M; V 
 L
1
)
Table 3.6: Massless spetrum of H = SU(3) SU(2) U(1)
3
models.
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rep. Type A Type B gauge group
A1 (1; 1; 1)
0; 4;6
 2l
2
+ 3l
3
= 0  l
2
+ l
3
= 0 SU(3) SU(2)
2
A2 (1; 1; 1)
 3;5;0
3l
1
  5l
2
= 0 l
1
  l
2
= 0 SU(3) SU(2)
2
A3 (1; 1; 1)
 3;1;6
3l
1
  l
2
  6l
3
= 0 l
1
  l
3
= 0 SU(3) SU(2)
2
B1 (1; 1; 2)
 3; 3; 3
l
1
+ l
2
+ l
3
= 0 l
1
+ l
2
+ l
3
= 0 SU(3) SU(3)
C1 (1; 3; 1)
0; 4; 4
l
2
+ l
3
= 0 l
2
+ l
3
= 0 SU(4) SU(2)
C2 (1; 3; 1)
 3; 3; 2
3l
1
+ 2l
2
+ 3l
3
= 0 l
1
+ l
2
= 0 SU(4) SU(2)
C3 (1; 3; 1)
 3;1; 4
3l
1
  l
2
+ 4l
3
= 0 l
1
+ l
3
= 0 SU(4) SU(2)
D1 (1; 3; 2)
0; 4;1
 4l
2
+ l
3
= 0 l
2
= 0 SU(5)
D2 (1; 3; 2)
0;0; 5
l
3
= 0 l
3
= 0 SU(5)
D3 (1; 3; 2)
 3;1;1
3l
1
  l
2
  l
3
= 0 l
1
= 0 SU(5)
Table 3.7: Generi enhanement of SU(3)SU(2) by additional non-hiral degrees of
freedom for both the Type A and Type B embedding. We use the notation l
i
= 
1
(L
i
).
part. lass
0

1
2
1
10
 
1
15
1
A
0

 
5
14
1
14
 
13
21
1
A
0

3
2
 
1
10
1
15
1
A
0

 
1
2
33
30
 
1
15
1
A
0

1
2
1
2
1
3
1
A
0

1
2
 
1
10
 
7
15
1
A
Q
L
D 1; 2; 4 1; 3 1 2; 3 4 4
U
R
C 2; 3; 4 4; 6 6; 7 4; 7 4; 7 4; 6
D
R
C 1; 5; 6; 7 2 1 3 1; 2; 5 1; 3; 5
L B 1; 2; 3; 4 3 4 2 1; 3; 4 1; 2; 4
E
R
A 2; 3; 6 4; 6 4; 5 5; 6 4; 5; 6 4; 5; 6

R
A 1; 4; 5 2 1 3 3 1
Table 3.8: MSSM partile andidates for hoies of (
1
; 
2
; 
3
), part I. The labels of
the representations refer to the position in the respetive setions of Table 3.6 with
bars denoting hermitian onjugation.
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part. lass
0

 
1
2
 
1
2
1
3
1
A
0

 
1
4
3
20
 
4
15
1
A
0

 1
1
5
 
7
15
1
A
0

 
1
12
7
60
 
1
15
1
A
0

 1
3
5
 
1
15
1
A
0

 
1
2
7
10
 
7
15
1
A
Q
L
D 4 1; 3 1 2; 3 2 3
U
R
C 6; 7 5 6 5 7 4
D
R
C 2; 3; 5 2; 7 4; 7 3; 6 6; 4 6; 7
L B 1; 2; 3 2; 4 3; 4 3; 4 2; 4 2; 3
E
R
A 4; 5; 6 5 1; 2; 4; 5 4 1; 3; 5 2; 3; 6

R
A 1 2 3 3 2 1
Table 3.9: MSSM partile andidates for hoies of (
1
; 
2
; 
3
), part II.
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Chapter 4
The SO(32) heteroti string with
unitary bundles and ve-branes
In view of the rih struture we have enountered in the E
8
 E
8
string with
unitary bundles, it is natural to try and follow a similar strategy in the heteroti
theory with gauge group SO(32). The dierenes in the perturbative setor will
be entirely due to the peuliarities of SO(32) as opposed to E
8
 E
8
. We will
review momentarily that SO(32) possesses a very natural embedding of gauge
bundles with unitary struture group. In fat, its deomposition into produts
of U(N) subgroups will reprodue exatly the massless spetrum we are familiar
with in the S-dual Type I framework with magnetized D9-branes. The dynamis
of ve-branes diers onsiderably from the E
8
E
8
ase in that now the ve-branes
also ontribute hiral fermions and additional sympleti gauge fators. Conse-
quently, the Green-Shwarz anomaly anellation pattern has to be reonsidered.
It hinges, as far as the ve-branes are onerned, on an anomalous oupling of
the heteroti ve-brane to the bulk, analogously to the anomaly inow arguments
for D-branes. As an important aspet we will ompare the low-energy eetive
ation, notably the Fayet-Iliopoulos terms and the resulting one-loop orreted
Donaldson-Uhlenbek-Yau equation, to known results on the Type I/ Type IIB
side. This will serve as evidene for our interpretation of the orretion terms
in the DUY onstraint as the four-dimensional shadow of a modied stability
ondition.
Sine, despite all the dierenes in the details, the general strategy is very
lose to the proedure in the E
8
 E
8
ase, we will often be rather brief as far
the explanation of the oneptual bakground is onerned in order to avoid
redundanies. In those ases, the required material has already been overed in
hapter 3 to whih we refer for additional details. The ontents of this hapter is
based on [129{131℄.
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4.1 A lass of SO(32) heteroti string vaua
We ompatify the SO(32) heteroti string on a Calabi-Yau manifold M and
onsider deompositions of the gauge group SO(32) into its unitary subgroups.
Our strategy is to invoke the Whitney sum of internal vetor bundles
W =
K
M
i=1
V
i
: (4.1)
Eah V
i
denotes a rank n
i
unitary bundle, i.e.it has struture group U(n
i
). The
group theoreti embedding is again aomplished in a two-step proess, similarly
to the E
8
E
8
onstrution. The rst step involves the natural U(M
i
) subgroups
of SO(32) via the embedding
U(M
i
)  SO(32)  ! SO(32  2M
i
) U(1)
i
: (4.2)
Into this U(M
i
), we diagonally embed the struture group U(n
i
) of the bundle
V
i
suh that M
i
= n
i
N
i
, i.e.
U(n
i
)  U(n
i
N
i
)  ! U(N
i
): (4.3)
The emergene of the non-abelian group U(N
i
) an be understood as the non-
abelian enhanement of the naive ommutant U(1)
N
i
. We just observed similar
phenomena in the E
8
 E
8
theory, where non-abelian enhanement was tied to
the degeneray of some of the internal bundles.
In all, this aomplishes the embedding
K
Y
i=1
U(n
i
) 
K
Y
i=1
U(n
i
N
i
)  SO(32) (4.4)
and the resulting observable non-abelian gauge group is
H = SO(2M)
K
Y
i=1
U(N
i
) with M +
K
X
i=1
M
i
= 16: (4.5)
As we will disuss, maximally only the anomaly-free part of the U(1)
K
gauge
fators remains in the low energy gauge group - a feature whih we are by now
well familiar with from the disussion of the E
8
 E
8
theory.
In addition to this perturbative setor we take into aount the possible on-
tribution from heteroti ve-branes [83, 132{135℄, whih we will denote as H5-
branes to distinguish them from their ousins in the E
8
E
8
theory. In ontrast
to the situation enountered there, the inlusion of H5-branes does aet also
the gauge setor of the ompatiations. We noted already in setion (2.1) that
the worldvolume of an SO(32) H5-brane aommodates a massless gauge eld.
To be more preise, let us reall from setion (2.3) that for supersymmetry eah
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H5-brane has to wrap an (in general reduible) holomorphi yle  onM. This
means that the assoiated ohomology lass [b℄ 2 H
2
(M; 2Z) is eetive, i.e.
lies inside the Mori one of M. If  is irreduible, this really orresponds to a
single H5-brane and gives rise to an additional Sp(2) gauge group in the eetive
ation. The appearane of these sympleti gauge degrees of freedom was derived
in [83℄ by virtue of S-duality between the H5-brane and the D5-brane in Type I
theory. The latter, in turn, is known to arry sympleti gauge groups [136℄. If
 is reduible, we deompose it into the irreduible generators of the Mori one

a
,  =
P
L
a=1
N
a

a
; N
a
2 Z
+
0
. Due to the multiple wrapping around eah irre-
duible urve 
a
, the additional gauge group in the eetive ation gets enhaned
to
Q
a
Sp(2N
a
). The deomposition into generators may not be unique and the
gauge group may therefore vary in the dierent regions of the assoiated moduli
spae. However, its total rank and the total number of hiral degrees of freedom
harged under the sympleti groups are only dependent on , of ourse.
By heteroti-Type I duality, one an infer that the eetive low energy ation
on the H5-branes has to have the usual Chern-Simons form
S
H5
a
=  
5
Z
R
1;3

a
1
X
n=0
B
(4n+2)
^

N
a
+
`
4
s
2(2)
2
tr
Sp(2N
a
)
F
2
a

^
q
^
A(T
a
)
q
^
A(N
a
)
; (4.6)
with the H5-brane tension 
5
=
1
(2)
5
(
0
)
3
. T
a
and N
a
denote the tangent bundle
and the normal bundle, respetively, of the 2-yle 
a
, whih for onreteness we
take to be irreduible from now on and wrapped by a stak of N
a
H5-branes. The
urvature ourring in the denition of the
^
A- genus
^
A(M) = 1+
1
48
1
(2)
2
trR
2
+  
is dened as R =  i
p
2 `
2
s
R (`
s
 2
p

0
as before). This type of anomalous
oupling of the ve-brane to the bulk is required in order to anel the gravita-
tional anomalies on the SO(32) H5-brane world-volume. Stritly speaking, the
well-known anomaly-inow arguments leading to (4.6) were applied in the S-dual
Type I framework [137℄, but the struture of gravitational anomalies is not af-
feted by S-duality and therefore the full Wess-Zumino oupling is given by (4.6)
also on the heteroti side.
1
The sign of the Chern-Simons ation is ditated by su-
persymmetry: Jumping ahead a little, we state that the hoie in (4.6) guarantees
that the real part of the gauge kineti funtion for the Sp(2N
a
)-group is indeed
positive, as we demonstrate in setion 4.5. Note that (4.6) implies both the usual
magneti oupling to B
(6)
and a oupling to B
(2)
. The latter will be essential
in setion (4.4) when it omes to anelling the mixed abelian-gravitational and
abelian-sympleti anomalies by the generalized Green-Shwarz mehanism.
For our upoming purposes it is useful to reall the somewhat omplementary
interpretation of the SO(32) ve-brane as an instanton of zero size [83℄. In
1
The normalisations of R and of the term involving tr
Sp(2N
a
)
F
2
a
dier from what one might
naively expet in view of the CS ation of a D5-brane in Type II B by a fator of
p
2 and 2,
respetively. This is a onsequene of a orresponding redenition of 
0
in the ontext of the
S-duality transformation to be disussed further in setion 4.7.
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intuitive terms, we an think of it as a gauge instanton bakground whih, unlike
the holomorphi bundle W , is not spread out along the entire internal manifold,
but whih has support only on the two-yle 
a
. Mathematially, suh an objet
is dened as the skysraper sheaf Oj

a
, whih is the restrition of the trivial sheaf
onM to 
a
. Being a oherent sheaf, Oj

a
admits a loally free resolution, given
by an appropriate Koszul sequene. For details on Koszul sequenes we refer
to the mathematial literature, e.g. [138, 139℄. SuÆe it here to reall that the
general Koszul sequene is an exat sequene whih provides the resolution for
the restrition of a vetor bundle to some odimension k hypersurfae Y as [30℄
0! V 
 ^
k
N

! V 
 ^
k 1
N

! : : : V 
N

! V ! V j
Y
! 0; (4.7)
where the hypersurfae Y emerges as the zero lous of a holomorphi setion of
N . This determines the total Chern harater of V j
Y
as
h(V j
Y
) = h(V )  h(V 
N

) + h(V 
 ^
2
N

) + : : :+ ( 1)
k
h(V 
 ^
k
N

):
(4.8)
Heuristially, we an think of 
a
as the omplete intersetion of two generi di-
visorsD
1
andD
2
, 
a
= D
1
\D
2
. This means that the Poinare dual four-form, 
a
,
is given by the ohomologial intersetion 
a
= D
1
D
2
. In this ase we an take
for the rank two holomorphi bundle N simply the diret sum O(D
1
) O(D
2
).
Reall that O(D
1
) is the line bundle onM with rst Chern lass 
1
(O(D
1
)) = D
1
.
Furthermore ^
2
N = O(D
1
+D
2
), as follows already from the omputation of the
Chern lasses (see also appendix A.1). In all, we take as the dening sequene
for O(
a
)
0! O( D
1
 D
2
)! O( D
1
)O( D
2
)! O
M
! Oj

a
! 0: (4.9)
It follows from equation (4.8) that the Chern haraters of the sheaf Oj

a
an
readily be omputed as h(Oj

a
) = (0; 0; D
1
 D
2
; 0). In deriving this we have
assumed that the divisors D
1
and D
2
are in generi position so that in partiular
D
1
D
1
D
2
= 0 = D
2
D
2
D
1
.
Due to the overall minus sign in the Chern-Simons oupling of the ve-brane
to the bulk, we have to inlude an extra sign into the Chern harater. As a
onlusion, the ve-brane has as its dening Chern harater
h(Oj

a
) = (0; 0; 
a
; 0): (4.10)
This is preisely what we expet from its interpretation as an instanton of zero
size: its "instanton number", i.e. 
2
(Oj

a
), is given simply by the eetive lass
Poinare dual to the lass of the two-yle it wraps.
94
4.2 The massless spetrum
The perturbative spetrum an be determined from the deomposition of the
adjoint representation of SO(32) into representations of SO(2M)
Q
i
U(N
i
) 
U(n
i
),
496!
0
B
B
B
B
B

(Anti
SO(2M)
; 1; 1)
P
K
j=1
(1;Adj
U(N
j
)
;Adj
U(n
j
)
)
P
K
j=1
(1;Anti
U(N
j
)
;Sym
U(n
j
)
) + (1;Sym
U(N
j
)
;Anti
U(n
j
)
) + h::
P
i<j
(1;N
i
;N
j
;n
i
;n
j
) + (1;N
i
;N
j
;n
i
;n
j
) + h::
P
K
j=1
(2M ;N
j
;n
j
) + h::
1
C
C
C
C
C
A
:
The internal ohomology groups ounting the various states are listed in ta-
ble 4.1. It is most striking that we enounter the same massless spetrum as for
the perturbative Type I string on a smooth Calabi-Yau spae with magnetized
B-type D9-branes
2
. A prominent role is played by the hiral matter in the bifun-
damental representations of pairs of observable U(N
i
) fators. Correspondingly,
in the framework of interseting D-branes T-dual to the Type I string with mag-
netized D9-branes, hiral matter is loalized at the intersetion of two staks of
D6-branes and likewise transforms in the bifundamental of the two gauge groups
realized on the respetive worldvolumes. Apparently, on the S-dual heteroti side,
this typial struture emerges automatially due to the natural U(N) subgroups
of SO(32) and the assoiated deomposition of the adjoint representation. It will
therefore ome as no surprise that the arhiteture of the onrete models we
will present in hapter 6 is very reminisent of the multiple stak onstrutions
known from the interseting brane piture.
The appearane of massless states in the adjoint of U(N
i
) and ounted by
H

(M; V
i

V

i
) deserves some further omments. The element
3
inH
0
(M; V
i

V

i
)
ounts the vetor multiplet of the U(N
i
) group whih ontains its gauge bosons.
The elements in H
1
(M; V
i

 V

i
), by ontrast, orrespond to the moduli elds
assoiated with the bundle deformations. In the speial ase that the internal
bundle is abelian, V
i

 V

i
= O and we nd h
1
(M;O) massless hiral multiplets
transforming in the adjoint representation of a U(N
i
) observable gauge fator,
just as in the Type I framework and for interseting branes. On genuine Calabi-
Yau manifolds, there do not exist any homologially non-trivial one-yles, of
ourse, and this ts with the fat that on a Calabi-Yau a line bundle has no
ontinuous moduli - it is dened one and for all by its rst Chern lass as an
element in H
2
(M;Z). On the torus, however, one has H
1
(T
6
;O) = 3, and
the omplex adjoint salars orrespond to the ontinuous Wilson lines on M
whih parameterise the ontinuous deformations of a line bundle respetively the
2
Note, however, the reent investigation [140℄ of toroidal orbifold ompatiations of the
SO(32) heteroti string where models are found featuring e.g. the 16 spinor representation.
Suh spinor representations are not present in our SO(32) heteroti ontext. We stress that
our results are valid for the ase of smooth bakground manifolds.
3
Reall that due to stability of V , H
0
(M; V
i

 V

i
) = 1.
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deformations of the interseting branes. Analogously, turning on non-abelian
bundles U(n
i
) on the Type I D9-branes gives rise to H
1
(M; V
i

 V

i
) moduli
orresponding to the deformations of the U(n
i
) bundle.
reps. H =
Q
K
i=1
SU(N
i
) U(1)
i
 SO(2M)
Q
L
a=1
Sp(2N
a
)
(Adj
U(N
i
)
)
0(i)
H

(M; V
i

 V

i
)
(Sym
U(N
i
)
)
2(i)
H

(M;
V
2
V
i
)
(Anti
U(N
i
)
)
2(i)
H

(M;
N
2
s
V
i
)
(N
i
;N
j
)
1(i);1(j)
H

(M; V
i

 V
j
)
(N
i
;N
j
)
1(i); 1(j)
H

(M; V
i

 V

j
)
(Adj
SO(2M)
) H

(M;O)
(2M;N
i
)
1(i)
H

(M; V
i
)
(Anti
Sp(2N
a
)
) Ext

M
(Oj

a
;Oj

a
)
(N
i
; 2N
a
)
1(i)
Ext

M
(V
i
;Oj

a
)
(2N
a
; 2N
b
) Ext

M
(Oj

a
;Oj

b
)
Table 4.1: Massless spetrum with the struture group taken to be G =
Q
K
i=1
U(n
i
).
The subsripts in the rst olumn denote the harges under deomposition U(N
i
) !
SU(N
i
) U(1)
i
.
Additional hiral matter appears from the non-perturbative H5-branes (see
the three last lines of table 4.1), whih is absent for the M5-branes in E
8
 E
8
heteroti string ompatiations [110℄. In the latter ase this is in aord with
the possibility of moving the ve-branes into the eleven-dimensional bulk in the
Horava-Witten theory. For the SO(32) theory, by ontrast, the desription of the
H5-brane as the skysraper sheaf Oj

a
makes it lear that the brane should be
treated on the same footing as the smooth gauge instantons given by the bundle
W , and this analogy must be taken even more seriously when it omes to the
zero modes of the Dira operator.
The matter arising in the H5-brane setor is desribed by appropriate exten-
sion groups. Following for instane [141℄, the global extension groups Ext

M
(E ;F)
of two oherent sheaves on M give the sheaf theoreti generalisation of the o-
homology groups H

(M; E 
 F

) for vetor bundles on smooth manifolds. The
ohomology groups in table 4.1 ounting the zero modes in the bifundamental of
one Sp(2N
a
) and one U(N
i
) fator are therefore the straightforward sheaf the-
oreti generalisation of the Dolbeault ohomology groups in ase only smooth
vetor bundles are involved.
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In partiular, it is shown in [141℄ that
Ext
1
M
(Oj

a
;Oj

a
) = H
1
(
a
;O) +H
0
(
a
;N
a
); (4.11)
where the rst term ontains the possible Wilson line moduli on the H5-brane
and the seond term the geometri deformations of the two-yles 
a
 M. All
these hiral supermultiplets transform in the antisymmetri representation of the
sympleti gauge fator.
The hirality index of the perturbative spetrum an be determined from the
Euler harateristis (2.17) of the various bundles U
i
ourring in the deompo-
sition of SO(32). This is true also for the matter arising from the H5-branes
or rather the oherent sheaves Oj

a
. Namely, for general oherent sheaves the
righthand side in (2.17) measures the alternating sum of the dimensions of the
global extensions. It follows that in the non-perturbative setor, the H5-branes
give rise to hiral matter in the bifundamental (N
i
; 2N
a
)
1(i)
, whih is ounted by
the index
(M; V
i

Oj


a
) =  
Z
M

1
(V
i
) ^ 
a
: (4.12)
The righthand side of (4.12) is an immediate onsequene of the formula for
the Euler harateristi (2.17) one we remember that with the help of (4.10)
h
3
(V
i

Oj


a
) =  
1
(V
i
) ^ 
a
and h
1
((V
i

Oj


a
) = 0. In agreement with the
absene of hiral matter for sympleti gauge groups only, for two H5-branes
wrapping 2-yles 
a
and 
b
one gets (M;Oj

a

Oj


b
) = 0.
For later use we point out that the requisite formulae to ompute the Euler
harateristis of produts of bundles V
i

 V
j
and the (anti)-symmetri produt
bundle,
V
2
V and
N
2
s
V respetively, appearing in Table (4.1) an be found in
appendix A.1.
4.3 Global onsisteny onditions
We an proeed to a detailed analysis of the topologial onsisteny onditions
our internal bundles have to satisfy.
In order to evaluate the tadpole anellation ondition for our spetrum we
need, as in the E
8
 E
8
ase, to express the formal trae over the internal Yang-
Mills eld strength in (2.24) by the topologial data of W and the manifoldM.
With the help of table 4.1 we an onvine ourselves that
trF
2
=
1
30
X
x
2(2)
2
(h
2
(U
x
) dim(R
x
)) =
= 4(2)
2
X
i
N
i
h
2
(V
i
): (4.13)
For later use we note that similar trae identities of this type are olleted in
appendix A.3.
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Consequently, the tadpole ondition takes the simple form
K
X
i=1
N
i
h
2
(V
i
) 
L
X
a=1
N
a

a
=  
2
(T ); (4.14)
to be satised in ohomology.
In the presene of sympleti gauge group fators due to the H5-branes we
need to worry about potential global Sp(2N
a
) anomalies. As we know from [142℄
this Witten anomaly is absent preisely if the number of hiral fermions in the
fundamental of the Sp(2N
a
) group is even. Clearly, for a stak of N
a
ve-branes
wrapping the yle 
a
, the hiral index of the Sp(2N
a
) is given by
index
Sp(2N
a
)
=  
X
i
N
i
Z
M

1
(V
i
) ^ 
a
=  
Z
M

1
(W ) ^ 
a
: (4.15)
So apparently, the K-theory ondition

1
(W ) =
X
i
N
i

1
(V
i
) 2 H
2
(M; 2Z) (4.16)
ensures the absene of a Witten anomaly for every probe ve-brane and has there-
fore the eld theoreti interpretation as a global onsisteny ondition for every
topologial setor of the theory. Reall from setion 2.3 that from the point of
view of the underlying (0; 2) model, the rationale behind (4.16) is atually the
requirement of absene of worldsheet anomalies [94,95℄. The onnetion between
these two dierent arguments leading to (4.16) is omparable to the situation in
Type I string theory, where the analogue of (4.16) orresponds, mirosopially,
to the torsion K-theory onstraint for the non-BPS D7-brane [96℄. Alternatively,
this ondition an likewise be derived by requiring the absene of global Wit-
ten anomalies on D5-branes for every possible probe brane and not just for the
onrete vauum under onsideration.
4.4 Anomaly anellation
4.4.1 Field theoreti anomalies
Now let us disuss the resulting anomalies. The expressions for the eld theoreti
anomalies follow immediately from the hiral spetrum in table (4.1). For the
ubi non-abelian anomalies we obtain
4
from
A
SU(N
i
)
3
 (N
i
  4)(
N
2
s
V
i
)) + (N
i
+ 4)(
V
2
V
i
)) + 2M (V
i
) (4.17)
+
X
j 6=i
N
j
 
(V
i

 V
j
) + (V
i

 V

j
)

+
X
a
2N
a
(V
i

Oj


a
)
4
This uses one again the trae identities listed in appendix A.2.
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the expression in terms of Chern haraters,
A
SU(N
i
)
3
 2
Z
M

1
(V
i
) Tad: (4.18)
Here
Tad = 
2
(T ) +
K
X
j=1
N
j
h
2
(V
j
) 
X
a
N
a

a
= 0 (4.19)
in ohomology thanks to tadpole anellation (4.14). Thus in ontrast to the
E
8
 E
8
examples, the ubi non-abelian anomalies vanish only if the Bianhi
identity for H is satised [107℄.
The expliit expressions for all mixed and ubi abelian anomalies an readily
be omputed along the same lines. Here we only state the result in terms of the
various Chern haraters up to tadpole anellation
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i
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)
2
 2N
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(V
i
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A
U(1)
i
 Sp(2N
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)
2
  N
i
Z
M

1
(V
i
) ^  (4.20)
For the rst two anomalies we assumed that i 6= j, with straightforward
generalisations.
4.4.2 Green Shwarz mehanism inluding ve-branes
The Green-Shwarz mehanism anelling the ubi abelian and mixed abelian
anomalies works in priniple in a manner very similar to what we enountered
in the ontext of the E
8
 E
8
string with U(N) bundles. The details of the
four-dimensional ounter terms, however, are quite dierent for the following two
reasons: Firstly SO(32) possesses, unlike E
8
 E
8
, an independent fourth-order
Casimir. Seondly the ve-brane part in the anomaly anellation pattern is
quite dierent in that the ve-branes do not only aet the tadpole ondition
but also yield expliit ontributions to the anomalies themselves via the Sp(2N
a
)
valued hiral fermions. At the same time, we enounter no self-dual tensor elds
on their world-volume whih, in the ontext of the E
8
string, lead to new vertex
and mass terms. There are, however, ve-brane dependent vertex ouplings, but
no suh mass terms, emerging from the Wess-Zumino oupling (4.6) to the bulk
two-form B
(2)
.
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Sine the knowledge of the dimensionally redued Green-Shwarz and mass
terms bore suh rih fruit in the previous ase and was essential far beyond
the issue of anomaly anellation, we will now present the resulting expressions,
stiking losely to the philosophy and the notation of setion (3.4.2).
In the SO(32) ase, dimensional redution of the GS ounter term (2.6) and
(2.7) to four dimensions gives, upon splitting again the gauge eld into a four-
dimensional part F and the internal part F ,
S
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=
1
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3
`
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s
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trR
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
trR
2
 
1
15
TrF
2

: (4.25)
The spei prefators of the traes follow from the general trae identities listed
in appendix A.2.
The expressions (4.21), (4.22) are mass terms for the U(1) gauge fators.
(4.23) and (4.24) lead to vertex ouplings of the axions with two gauge elds and
nally the expression (4.25) gives rise to vertex ouplings of the axions and two
gravitons.
There are, of ourse, additional mass terms and vertex ouplings originating
in the ross kineti term for H (3.61) in the ten-dimensional eetive ation as
well as vertex ouplings from the H5-brane ation (4.6).
The traes ourring in the kineti and ounter terms are evaluated for the
spetrum in table 4.1 in appendix A.3. With these results at hand, it is a simple
task to ollet the expliit mass and GS terms.
From (4.21) and (4.22) we nd that the four-dimensional two-form eld b
(2)
0
is rendered massive by the oupling to the abelian gauge elds given by
S
0
mass
=
1
3(2)
5

0
K
X
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N
i
Z
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1;3
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(2)
0
^ f
i
Z
X

tr
U(n
i
)
F
3
 
1
16
tr
U(n
i
)
F ^ trR
2

:
(4.26)
In addition, (3.61) yields mass terms for the internal two-forms b
(2)
k
,
S
mass
=
1
(2)
2

0
K
X
i=1
h
11
X
k=1
N
i
Z
R
1;3
(b
(2)
k
^ f
i
) [tr
U(n
i
)
F ℄
k
: (4.27)
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The GS ounter terms (4.23) and (4.24) provide the anomalous ouplings of the
axions to the external gauge elds and urvature,
S
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 
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: (4.28)
These are supplemented by ouplings to the sympleti gauge elds and the
urvature present in the H5-brane ation (4.6),
S
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h
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(4.29)
with [
a
℄
k
=
R

a
!
k
.
Last but not least, from the kineti term (3.61) for H we inherit the axio-
dilaton vertex
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:
We an now follow the steps spelled out in setion (3.4.2) and derive the
various anomaly six-forms. For the mixed U(1)
i
 SU(N
j
) anomaly, for instane,
we nd
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F ^ trR
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(4.30)
whih is just tailor-made to anel the mixed U(1)
i
  SU(N
j
)
2
anomaly. The
anellation pattern for the remaining abelian-non-abelian, ubi abelian and
mixed abelian-gravitational anomalies follows the same lines. Let us just list the
resulting anomaly six-forms
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and point out that they are in perfet agreement with the eld theoreti anomalies
given in the previous setion. As usual, the anomalous U(1)s are rendered massive
and therefore remain in the low-energy domain as perturbative global symmetries.
The situation parallels that in Type I [109℄ and heteroti E
8
 E
8
-theory, where
the number of massive abelian fators is at least as large as that of the anomalous
ones and in general given by the rank of the mass matrixM
ki
, as dened in (3.39),
M
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 
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16
tr
U(n
i
)
F ^ trR
2

for k = 0.
(4.32)
We stress one more that in ontrast to the M5-brane of the E
8
 E
8
theory,
the H5-branes learly do not ontribute any mass terms due to the absene of
additional tensor elds emerging from their worldvolume.
4.5 Non-universal gauge kineti funtions
Let us now derive the gauge kineti funtions [80, 116, 118, 119℄ as introdued in
setion (3.5), to whih we refer for further oneptual details. With the denition
of the omplexied dilaton (3.96) and Kahler moduli (3.97) the full gauge kineti
funtions for the SU(N
i
), U(1)
i
and SO(2M) groups an be read o from their
imaginary parts in (4.28) and (4.30) to be
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11
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(trR
2
)
k
:
As in the E
8
E
8
ase the relative normalisations for the dierent gauge groups
are a onsequene of the trae identities, see in this ase appendix A.3. Again,
the abelian gauge ouplings reeive an extra fator of
1
2
as ompared to the non-
abelian ones due to the anonial normalisation of the non-abelian seond order
Casimir. In addition, the gauge kineti funtions for the sympleti fators are
f
Sp(2N
a
)
=
1
2`
2
s
Z

a
(J   iB) ; (4.34)
as we nd from (4.29).
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Note that the real part of the gauge kineti funtion are positive denite
by denition. Therefore, as for the E
8
 E
8
theory, requiring positivity of the
expressions (4.33) in the perturbative regime, g
s
 1 and internal radii muh
bigger than the string sale, imposes extra onditions on the allowed bundles.
Conretely, reality of the one-loop orreted SU(N
i
) and U(1)
i
gauge ouplings
is guaranteed provided that in this regime
n
i
3!
Z
X
J ^ J ^ J   2 g
2
s
`
4
s
Z
X
J ^

h
2
(V
i
) +
n
i
24

2
(T )

> 0: (4.35)
The analogous onstraint for the SO(2M) group, where the term h(V
i
) is
absent, is normally trivially satised, sine for all manifolds we will enounter
R
M
J ^ 
2
(T ) < 0. The real part of (4.34) is always positive as long as the Kahler
form J lies in the Kahler one. This is a onsequene of the minus sign in the
Wess-Zumino oupling (4.6) and atually serves as its justiation.
Away from the small oupling and large radii limit one expets both world-
sheet and stringy instanton orretions to the gauge kineti funtions [118℄.
In ontrast to the E
8
 E
8
onstrution, no o-diagonal ouplings among
abelian fators our. Even more strikingly, the tree-level and one-loop orreted
non-abelian and abelian gauge ouplings of an observable SU(N
i
) and U(1)
i
gauge
fator only depend on the internal gauge ux in the orresponding U(n
i
). Sine
we used the same deomposition of SO(32) that naturally appears for interseting
D-branes, S-duality tells us that after all this result is not surprising. There, eah
stak of D-branes omes with its own gauge oupling determined by the size of
the three-yle the D6-branes are wrapping around.
4.6 Fayet-Iliopoulos terms
We onlude our general disussion of the SO(32) theory with the derivation of
the Fayet-Iliopoulos terms generated by the massive U(1) symmetries. Our meth-
ods largely parallel the ones applied in the ontext of the E
8
E
8
theory. We will
therefore be omparatively brief and refer to setion (3.6) for more information.
SuÆe it here to reall that the starting point for the derivation of the FI terms
is the the gauge invariant Kahler potential
K =
M
2
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 
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Q
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k
V
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

: (4.36)
This is preisely as for the E
8
string, see (3.120), exept the fat that there are no
ontributions from tensor elds living on the ve-brane, of ourse. The harges
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Qx
k
are again dened via
S
mass
=
K
X
x=1
h
11
X
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Q
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k
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f
i
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(2)
k
(4.37)
and are enoded in the mass terms (4.26) and (4.27).
We an therefore straightforwardly derive the oeÆients 
x
of the FI-terms
from the gauge invariant Kahler potential K via the relation

x
g
2
x
=
K
V
x



V=0
: (4.38)
Inserting the onrete expressions for the harges eventually leads to the on-
lusion that the FI terms vanish if and only if
1
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Z
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J ^ J ^ tr
U(n
i
)
F  
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s
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Z
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
tr
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F
3
 
1
16
tr
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i
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F ^ trR
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
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(4.39)
for eah external U(1)
i
fator separately. It is intriguing that, as expeted from
the interseting D-brane piture, the FI-term for U(1)
i
only depends on the or-
responding internal vetor bundle with struture group U(n
i
). This is to be
ontrasted with the analogous expression (3.122) for the E
8
 E
8
string, where
the one-loop orretion of the FI term involves the seond Chern lasses of all
vetors bundles embedded into the same E
8
fator as the abelian gauge group
under investigation. Note that the one-loop orretion in (4.39) involves the ubi
term tr
U(n
i
)
F
3
. This an be traed bak to the fat that in ontrast to E
8
the
group SO(32) has an independent fourth order Casimir operator. It implies the
well-known result that for the SO(32) heteroti string a bundle with struture
group SU(N) generates a non-vanishing one-loop FI-term [124℄
5
. Again, away
from the small string oupling and large radii limit one expets additional non-
perturbative world-sheet and string instanton ontributions to (4.39). We will
further investigate the impliations of the supersymmetry ondition (4.39) of a
vanishing FI term in setion (4.7.3).
4.7 S-duality to the Type I string
An immediate question onerns the relation between the phenomena studied in
the ontext of the SO(32) heteroti and the S-dual Type I framework. Our aim
is therefore to apply Heteroti-Type I S-duality to the equations derived by now
and to shed new light on their signiane by omparison with known results on
the Type I side. The main onlusion of this analysis will be the identiation of
5
There exist SU(N) bundles, however, with vanishing FI terms if the bundle data happen
to be suh that h
3
(V ) = 0.
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the supersymmetry onditions (4.39) and (4.35) as the integrability ondition for
a deformed Hermitian Yang-Mills equation. The orresponding statement for the
E
8
 E
8
string has been onjetured in setion (3.6.3) and is further supported
by this observation. Before we an takle this issue in setion (4.7.3), however,
it is indispensable to derive the preise form of the higher-order ounter terms
in the Type I eetive ation. In partiular, we need to investigate the full set
of S-duality transformation rules whih relate the gauge kineti funtions and FI
terms to their Type I/Type II B ounterparts. As a subtlety arising in the Type
I eetive ation, we are always free to absorb an additive shift in the dilaton
by a redenition of 
0
. For the purpose of quantitative statements we need to
make sure that all terms in the kineti ation on the Type I and heteroti side
are anonially normalized before they are transformed into one another by S-
duality. We therefore annot help it but pause for a moment and rst derive
the S-dual Type I ation together with its preise relationship to the heteroti
ation presented in (2.1). Although the ontents of this setion is well-known
in priniple, we onsider it enlightening to present the arguments leading to the
nal Type I ation (4.50) - not only in view of the remarkable onfusion in the
literature about the proper normalisation of the Green-Shwarz terms. Along
the way, we will also provide the justiation for the SO(32) H5-brane ation
postulated in (4.6) as well as for our normalisation (2.6) of the Green-Shwarz
ounter terms.
4.7.1 The Type I eetive ation
We take as our starting point the relevant bosoni parts of the ten-dimensional
Type IIB eetive ation inluding the Chern-Simons terms of a stak of M
D9-branes [12℄,
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:
The traes are over the fundamental representation of the U(M) gauge theory
living on the D9-branes and of SO(1; 9), respetively. G
3
= dC
2
denotes the
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Ramond-Ramond (RR) three-form eld strength. Its magneti dual is the six-
form potential C
6
satisfying ?
10
dC
6
= dC
2
. Note that in ontrast to the heteroti
string, there are no fators of e
2
10
aeting this magneti-eletri duality trans-
formation. In (4.40) and in the denition of G
3
we omitted all additional kineti
and Chern-Simons terms involving the RR forms C
0
and C
4
of the full Type IIB
ation.
In ompatifying the ten-dimensional theory on R
1;3
M, we allow in addition
for staks of N
a
D5-branes wrapping the holomorphi 2-yles 
a
on M. They,
too, give rise to U(N
a
) gauge groups on their worldvolume. The Chern-Simons
ation on the D5-branes reads
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with 
5
=
1
(2)
5

03
. Here T
a
denotes the tangent bundle and N
a
the normal
bundle of the D5-brane inM.
The type I theory emerges after modding out the Type IIB string by the
world-sheet parity transformation 
 : (; ) ! ( ; ). At the level of the
eetive ation, this rst of all means that we projet out the anti-invariant RR
potentials C
0
and C
4
and introdue the 
 image of the stak of branes, i.e a stak
of M D9-branes and staks of N
a
D5-branes, eah with the negative respetive
eld strength  F .
To keep further trak of the projetion, we divide the resulting ation by a
fator of two. Next we need to take into aount that the orientifold projetion
results in a tadpole for the Ramond-Ramond ten-form, C
10
, and, sine the Calabi-
Yau is generially urved, an indued tadpole for the six-form C
6
.
Quantitatively, these tadpoles are given by the CS-terms on the O9-plane
[137, 143℄
S
CS
O9
=  32
9
Z
M
(10)
 
2
X
n=0
C
4n+2
!
^
s
^
L

R
4

: (4.43)
The Hirzebruh genus
^
L is dened as
s
^
L

R
4

= 1 +
`
4
s
192 (2)
2
trR
2
+
`
8
s
73728 (2)
4
 
trR
2

2
 
`
8
s
92160 (2)
4
 
trR
4

:
(4.44)
In partiular, extrating the top form ontributions both from the Wess-Zumino
oupling of the D9-brane and of the orientifold,
S
C
10
= 
9
Z
M
(10)

1
2
2M   32

C
10
; (4.45)
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learly shows that the D9-brane tadpole is anelled preisely for M = 16.
The preliminary Type I ation therefore beomes
6
S
I
=
1
4
2
10
Z
M
(10)
e
 2
10
R 
1
8
2
10
Z
M
(10)
G
3
^ ?G
3
 
1
2 g
2
Y
Z
M
(10)
e
 
10
tr
U(16)
[F ^ ?F ℄ + 
9
Z
M
(10)
X
n
C
4n+2
^ h(iF) ^
p
^
A
 32
9
Z
M
(10)
 
2
X
n=0
C
4n+2
!
^
s
^
L

R
4

(4.46)
 
5
Z
R
1;3
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X
n=0
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4n+2
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^

N
a
+
`
4
s
2 (2)
2
tr
U(N
a
)
(F
2
a
)

^
q
^
A (T
a
)
q
^
A (N
a
)
:
For brevity we have omitted the kineti term for the gauge elds on the ve-
branes.
Now from a detailed worldsheet analysis, we know that due to the 
-projetion
the gauge group on the D9-branes is atually no more U(16) but rather SO(32)
and likewise the D5-branes arry gauge group SP (2N
a
) instead of U(N
a
) [136℄.
We therefore re-express the traes over the fundamental representation of the
unitary groups by the ones over SO(32) and Sp(2N
a
), respetively, with the help
of the trae identities
tr
U(16)
[F
2
℄ =
1
2
tr
SO(32)
[F
2
℄; tr
U(16)
[F
4
℄ =
1
48
Tr
SO(32)
[F
4
℄;
tr
U(N
a
)
[F
2
℄ =
1
2
tr
Sp(2N
a
)
[F
2
℄; (4.47)
with Tr
SO(32)
denoting, as always, the trae in the adjoint representation.
We see, however, that the kineti terms, inluding the ones for the Yang-Mills
elds, are not yet anonially normalized. This an be remedied by resaling
C
2
! 2
p
2C
2
; 
0
!
p
2
0
; e

10
!
1
2
p
2
e

10
: (4.48)
By Hodge duality this also implies
C
6
! 2
p
2C
6
: (4.49)
After this redenition we arefully ollet all the Chern-Simons terms and
eventually arrive at the ation
S
I
=
1
2
2
10
Z
M
(10)
e
 2
10
R 
1
4
2
10
Z
M
(10)
G
3
^ ?G
3
6
Note that at this stage the D-brane ation is formally unaltered as ompared to the original
Type IIB ation. This is a onsequene of dividing the latter by a fator of 2 after adding the

-image of the branes and furthermore identifying the branes with their orientifold image.
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where in the expressions involving
^
A (T
a
) and
^
A (N
a
) we now dene R =
 i
p
2`
2
s
R to keep trak of the resaling of 
0
. Also, we introdued the Type I
gauge oupling
1
g
2
Y
=
1
2(2)
7
(
0
)
3
. The anomaly eight-from X
8
is indeed just the
one we enountered in the Green-Shwarz mehanism in the heteroti theory and
given by equation (2.7).
This ation is really S-dual to the heteroti string ation (2.1) by an applia-
tion of the transformation rules
g
I
s
= (g
H
s
)
 1
;
J
I
= (g
H
s
)
 1
J
H
(4.51)
and letting C
(2)
! B
(2)
.
In partiular, this justies the onrete form and normalisation (4.6) of the
anomalous Wess-Zumino oupling of the SO(32) heteroti ve-brane, whih after
all was essential to derive the orret Green-Shwarz terms. Moreover, we have
expliitly onvined ourselves how on the Type I side the anomaly anelling
Green-Shwarz ounter terms arise from the Chern-Simons ouplings of the D9-
and D5-branes and the O9-planes. They appear at rst order in open string
perturbation theory, as we see by omparison with the Yang-Mills kineti terms
at order e
 
10
= g
( 1)
open
. Along the way, this supports the normalisation (2.6) of the
one-loop GS-terms with respet to the tree-level eetive ation on the heteroti
side.
It is lear that we an proeed preisely as for the SO(32) heteroti string
and onsider gauge bakground elds of the form (4.1) on the internal part of
the spaetime-lling D9-branes suh that the original SO(32) gauge symmetry is
broken orrespondingly. This is, of ourse, nothing other than the introdution
of magnetized D9-branes. The resulting global onsisteny onditions for the
internal gauge elds, the spetrum and ohomology groups as well as the details
of the GS mehanism follow by opying the steps spelled out for the heteroti
setup. Note in partiular that the requirement that the rank of the heteroti
gauge group be 16 translates into the anellation of the D9-tadpole, whereas
the Bianhi identity for H or anomaly anellation ondition in the heteroti
theory orresponds to D5-tadpole anellation in Type I. In all, this ertainly
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puts the framework of Type IIB magnetized D-branes oneptually on just the
same footing as the dual heteroti model building with gauge instanton bak-
grounds. We antiipated these parallels already in setion 4.2 when pointing out
that the massless spetrum of the SO(32) string with unitary bundles and that
of the Type I/IIB framework with magnetized D9-branes are in one-to-one orre-
spondene. It is furthermore lear that the magnetized D-brane piture is by no
means restrited to turning on just the diagonal abelian part of the gauge elds
on the worldvolume of the branes. All statements about the SO(32) heteroti
string with unitary bundles should therefore also be read as the generalisation
of the setup of magnetized D-branes to non-abelian bakground bundles on their
worldvolume.
4.7.2 The gauge ouplings for Type I
After this little exerise, we are nally in a position to take a fresh look at the
supersymmetry onditions (4.39) and (4.35) by analysing them in the S-dual Type
I setup. To do so, we an either perform the analogous omputation of the gauge
kineti funtion and FI terms as they follow from dimensional redution of the
Type I ation (4.50) - or simply apply the S-duality transformation rules (4.51) to
the heteroti results. We go for the seond option and write the expression for the
gauge ouplings in a way whih is more suitable for the S-duality transformation.
The real part of the holomorphi gauge kineti funtion f
SU(N
i
)
an be ast into
the form
Re(f
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)
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`
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s
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J ^ J ^ J   (2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)
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Z
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tr
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n
i
48
trR
2


:
:(4.52)
For reasons whih will beome lear momentarily, we will atually be inter-
ested in the S-dual expressions normalized with respet to the original Type IIB
theory from whih Type I arises after the orientifold projetion. As we have just
disussed this requires that we resale, after applying (4.51),

0
!
1
p
2

0
; e

10
! 2
p
2 e

10
: (4.53)
The resulting Type I expressions are to be read as dened with respet to
the anonially normalized Type IIB ation. In this sense, the gauge ouplings
S-dual to (4.52) are
Re(f
I
SU(N
i
)
) =
1
`
6
s
g
s

n
i
3!
Z
M
J ^ J ^ J  
(2
0
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2
2
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
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i
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F
2
 
n
i
48
trR
2


(4.54)
on the Type I/IIB side. Most importantly, the one-loop term has now beome a
perturbative 
0
-orretion to the tree-level gauge oupling.
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4.7.3 The non-abelian MMMS ondition
The same S-duality relations (4.51), (4.53) applied to the FI-terms (4.39) yield
1
2
Z
M
J ^ J ^ tr
U(n
i
)
F  
(2
0
)
2
3!
Z
M

tr
U(n
i
)
F
3
 
1
16
tr
U(n
i
)
F ^ trR
2

= 0
(4.55)
on the Type I/ IIB side, where the seond term is again a perturbative 
0
-
orretion. We an ombine the gauge kineti funtion and the FI-term into
a single omplex quantity, the entral harge
Z =
Z
M
tr
U(n)

e
 i

2

e
 iJ id+F
q
^
A(M)

; (4.56)
dened in terms of F = 2
0
F . The gauge oupling and the FI-term are seen to
be proportional to the real and imaginary part, respetively, of Z.
In the ase of abelian D9-branes in Type IIB we know that one an introdue
an additional phase parameterising whih N = 1 supersymmetry of the underly-
ing N = 2 bulk supersymmetry is preserved by the brane. Therefore, the general
Type IIB supersymmetry ondition is
Im

Z
M
tr
U(n)

e
 i'
e
 iJ id+F
q
^
A(M)

= 0; (4.57)
Re

Z
M
tr
U(n)

e
 i'
e
 iJ id+F
q
^
A(M)

> 0:
As usual in Type IIB theory oupled to a brane, we have now dened F =
2
0
F + B id, thus taking into aount the fat that for open strings only this
ombination is a gauge invariant quantity. Clearly, on the right-hand side of
the rst equation in (4.57), there might appear a non-vanishing funtion of the
harged matter elds as previously in (3.124), but having disussed these terms
at length in setion (3.6.2) we an here just assume them to vanish for simpliity.
Note that (4:56) is preisely the perturbative part of the expression for the
entral harge as it appears in the -stability ondition [78℄ for general B-type
branes
7
. To our knowledge the form of this expression has never been derived
from rst priniples. Rather, we understand that the entral harge has been
designed in suh a way as to keep in analogy with the well-known RR-harge of
the B-type-brane as seen in the Chern-Simons ation - it is simply assumed that
in the geometri limit, the two quantities oinide [144℄.
We nd it quite interesting though not unexpeted that, starting from the
well-known Green-Shwarz anomaly terms, our four-dimensional eetive eld
7
This is true at least for spae lling branes in ase we onsider also non-abelian elds. Of
ourse our analysis has nothing to say about lower-dimensional non-abelian branes.
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theory analysis leads preisely to the perturbative part of the -stability ondition
for B-type branes.
Equation (4.57) is also the integrability ondition for the non-abelian gen-
eralisation of the MMMS equation for D9-branes in a urved bakground. The
abelian version of this equation has been proven (without the urvature terms)
in [145℄ starting from the DBI ation of a single D-brane and it has been on-
rmed by a world-sheet alulation in [146℄. Up to now it is stritly speaking
only a onjeture that it an easily be generalised to (4.57) [127, 147℄. How-
ever, our analysis relies exlusively on quantities of the four-dimensional N = 1
eetive supergravity theory, the one-loop FI-term and the holomorphi gauge
kineti funtion. In partiular, the non-renormalization theorems guarantee the
absene of further perturbative orretions, thus ditating (4.57) as the pertur-
batively exat integrability ondition at least for D9-branes. The absene of a
stringy one-loop orretion was shown in [128℄. Of ourse, there will be additional
non-perturbative orretions, whih in the g
s
! 0 limit make out the omplete
-stability expression [78℄.
As we disussed in detail in setion (3.6.3) in the ontext of the E
8
-string, the
integrability ondition (4.57) is not yet suÆient for supersymmetry preservation,
but has to be supplemented by the orret stability ondition. This will be the
diret generalisation of -stability, whih is the valid notion of stability only at
leading order in 
0
and g
s
.
We an now largely repeat the analysis of setion (3.6.3): First, we have to
know the loal supersymmetry equation for non-abelian D9-branes underlying
(4.57). All we an say for sure starting from (4.57) is that the loal SUSY
ondition for D9-branes has to be of the form

Im

e
 i'
e
 iJ id+F
q
^
A(M)

top
+ d
5
= 0;
where 
5
is a globally dened 5-form so that d
5
is gauge ovariant. At least for
ompatiations on genuine Calabi-Yau manifolds, where dJ = 0 and dH = 0,
we annot nd any 5-form of this type whih is also invariant under the axioni
U(1) gauge symmetry B ! B+d, A! A  and does lead to a non-vanishing
d
5
.
Therefore, we onlude that the possible orretion d
5
is absent and that
indeed the loal supersymmetry ondition is given by

Im

e
 i'
e
 iJ id+F
q
^
A(M)

top
= (V )id volM (4.58)
and in addition
(V ) = 0 (4.59)
or suitable generalisations if one allows for a anellation of the FI terms against
hiral harged matter elds. This is just the ounterpart of the full Hermitian
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Yang-Mills equation (3.128) we proposed in the ontext of the E
8
 E
8
theory.
Likewise, the -slope is now dened as
(V ) 
1
rk(V )
Im

Z
M
tr
U(n)

e
 i'
e
 iJ id+F
q
^
A(M)

: (4.60)
A stritly perturbative (in the sense explained in setion 3.128) notion of sta-
bility relevant for (4.58) has been analysed in [127℄ and been alled -stability
(to stress that it is only the perturbative part of -stability). In partiular, the
authors have shown that for 
0
smaller than a ritial value depending on the
bundle V , equation (4.58) has a unique solution preisely if the bundle is stable
with respet to the deformed slope (V ). This atually serves as additional sup-
port for our orresponding onjeture regarding -stability in setion (3.6.3). As
the authors of [127℄ have also shown, in this perturbative sense -stability im-
plies -stability. However, we fae the same problem that this notion of stability
assumes that the terms in (V ) at zeroth order in 
0
dominate over the higher
order orretions in the extreme perturbative regime. This may be in onit
with the DUY equation (4.59). For a detailed disussion of this point we refer
bak to setion (3.128). We hasten to antiipate in this ontext that all onrete
examples we will onstrut in the sequel are not aeted by this aveat sine
the deformation of the slope vanishes and are therefore supersymmetri provided
they are -stable. To prove supersymmetry of non-abelian bundles in the more
general situation it is neessary to nd a stability riterion whih is not only valid
for arbitrarily small higher order orretions.
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Chapter 5
Stable holomorphi U (n) bundles
on elliptially bered Calabi-Yau
manifolds
We have by now made extensive use of the equivalene of the following two types
of objets: solutions of the Hermitian Yang-Mills equations for a onnetion with
values in the gauge group G on the one hand and holomorphi stable bundles
with struture group G (or, rather, the omplexiation of G) on the other. Our
interest has been in G = SU(n) or U(n), but the orrespondene is not restrited
to this hoie. We have seen that the Hermitian Yang-Mills equation for both
heteroti theories reeives perturbative orretions arising preisely at one-loop
in string perturbation theory. In Type I/IIB theory, by ontrast, the orretions
are perturbative in 
0
. In any ase, the stability ondition onstraining the holo-
morphi bundles is modied and no longer given by -stability, but by - and
-stability, respetively. Sine -stability implies -stability in the perturbative
limit, we an therefore, as far as onrete appliations in model building are on-
erned, stik to the more familiar -stability onstraint. As a result, the question
of prime importane both to heteroti and Type I/IIB model building in this
ontext onerns the onstrution of suitable stable holomorphi vetor bundles
over a Calabi-Yau threefoldM. The lassiation and onstrution of the most
general suh bundles is a hallenging and unsolved mathematial problem. Luk-
ily, for the speial ase that the Calabi-Yau manifold is elliptially bered, a large
lass of -stable holomorphi G-bundles is at our disposal thanks to the spetral
over onstrution, pioneered by Friedman, Morgan and Witten (FMW) in [40℄
and Donagi [41℄ and further developed by several authors [47, 69, 103, 148{150℄.
This will be the playground to provide onrete examples of the general theory
presented in the previous hapter, the main fous being eventually on phenomeno-
logially interesting model building. In order to make this work as self-ontained
as possible and to introdue our notation, we will rst review very briey the
main ingredients of this mathematial onstrution relevant for our appliations.
In doing so, we will rely on the original literature [40, 69, 149℄ to whih we refer
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for further details.
5.1 Elliptially bered Calabi-Yau manifolds
An elliptially bered omplex three-fold M is given by a omplex two-surfae
B, the base spae, together with an analyti map
 :M! B; (5.1)
where bers over eah point b in the base,
E
b
= 
 1
(b); (5.2)
are ellipti urves. Reall that an ellipti urve is a two-torus with a omplex
struture induing an abelian group law. In partiular it ontains a distinguished
point p ating as the zero element in this group.
We require the bration M to admit a global setion  : B ! M, assigning
to every point in the base b 2 B the zero element (b) = p 2 E
b
on the ber
1
.
This setion embeds the base as a submanifold into M and we will often not
distinguish between B as a omplex two-fold and (B) as a four-yle inM. The
assoiated homology lass in H
4
(M;Z) then intersets the bre lass preisely
one. It will be useful to introdue also the lass in H
2
(M;Z) Poinare dual
to the lass of (B). In slight abuse of notation, it will also be referred to as
. The respetive meaning will hopefully always be lear from the ontext. Its
ohomologial self-intersetion an be proven to be [40℄
   =    

(
1
(B)): (5.3)
Likewise, we introdue F 2 H
4
(M;Z) as the Poinare dual to the bre lass. The
fat that the base lass intersets the lass of the generi bre one is reeted
in the ohomologial intersetion form
  F = 1: (5.4)
This shows that F is atually the Hodge dual to the two-form . Now that we
are at it, we state for later purposes the simple fat that the intersetion form of
the pull-bak toM of two lasses  and  in H
2
(B;Z) is given by the pull-bak
of the intersetion on B,


()  

() = 

(  ) = (  )F: (5.5)
Often we will simply omit the 

when talking about the pull-bak of two-forms
toM and likewise the F in expressions of the form above.
1
See, however, [47, 48, 103℄ for the spetral over onstrution on elliptially bered three-
folds whih admit two setions.
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Let us now turn our attention to the ellipti bre. Ellipti urves an be
desribed as the hyperplane in C P
2
dened by the homogeneous Weierstrass
equation
zy
2
= 4x
3
  g
2
xz
2
  g
3
z
3
; (5.6)
where x; y; z are homogeneous oordinates on C P
2
and g
2
and g
3
dene the om-
plex struture. When we ber the ellipti urve over the base, this means that
the x; y; z and likewise g
2
and g
3
must be promoted to global setions of a line
bundle L on B, and the hoie of L denes the bration.
We an atually take L to be the onormal bundle to the setion (B) so that
the bration is now dened by the spei hoie of  . Then x; y; z are setions
of L
2
, L
3
and O whereas g
2
and g
3
appear as setions of L
4
and L
6
, respetively.
If the brationM is to be Calabi-Yau, the rst Chern lass of the tangent bundle
T must vanish,

1
(T ) = 0: (5.7)
As shown e.g. in [149℄, this implies L = K
 1
B
, where K
B
is the anonial bundle
of the base spae. It follows that K
 4
B
and K
 6
B
must have setions g
2
and g
3
, re-
spetively. The surfaes ompatible with this ondition are found to be del Pezzo,
Hirzebruh, Enriques and blow-ups of Hirzebruh surfaes [151℄. Note, however,
that the onstrution of stable holomorphi bundles on elliptially bered three-
folds does not hinge upon the Calabi-Yau property. In order to simplify the
mathematial apparatus, we nonetheless assume (5.7) in the sequel.
FMW showed that on suh spaes the Chern lasses of the tangent bundle of
the total spae follow from the Chern lasses of the base spae. Espeially, we
state for later purposes that the seond Chern lass of the tangent bundle an be
omputed as

2
(T ) = 12  

(
1
(B)) +
 
11
1
(B)
2
+ 
2
(B)

F: (5.8)
5.2 The spetral over onstrution
The basi idea of the spetral over method is to rst onstrut a stable U(n)
or SU(n) bundle on the ellipti bre over eah point of the base, whih is then
extended over the whole manifold by gluing the data together suitably. Reall
that in general, a U(n) or SU(n) bundle denes a rank n omplex vetor bundle.
Suh a rank n bundle over an an ellipti urve must, in order to satisfy the
Hermitian Yang-Mills equation, be of degree zero. Note that this is still true
after taking into aount the one-loop orretions whih vanish trivially upon
restrition to a omplex urve. More preisely, a rank n bundle an be shown to
be isomorphi to the diret sum of n omplex line bundles
Vj
E
b
= N
1
 : : :N
n
; (5.9)
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eah of whih has to be of zero degree. If G = SU(n) as opposed to U(n), Vj
E
b
must in addition be of trivial determinant, i.e.
N
n
i=1
N
i
= O
E
b
. The zero degree
ondition on N
i
implies that there exists for eah N
i
a meromorphi setion with
preisely one zero at someQ
i
and a pole at p, i.e. N
i
= O
E
b
(Q
i
 p). Consequently,
stable (S)U(n) bundles on an ellipti urve are in one-to-one orrespondene
with the unordered n-tuple of points Q
i
, and the redution of U(N) to SU(n) is
enoded in the additional requirement that
P
i
(Q
i
  p) = 0 in the group law of
the ellipti urve.
Having understood the restrition of a rank n bundle V to eah ellipti bre,
we an now proeed to onstruting the whole of V. In intuitive terms, the above
implies that over an elliptially bered manifold a U(n) vetor bundle determines
a set of n points, varying over the base. More preisely, the bundle V over M
with the property
Vj
E
b
=
n
M
i=1
O(Q
i
  p) (5.10)
uniquely denes an n-fold ramied over C of B, the spetral over. It is dened
by a projetion

C
: C ! B and C \ E
b
= 
 1
C
(b) =
[
i
Q
i
: (5.11)
C is onveniently desribed, as a hypersurfae in M, by its Poinare dual two-
form n+ : : :. The rst part is due to the fat that C is an n-fold over of B. As
disussed in [149℄, if we insist that Vj
E
b
be an SU(n) bundle
2
then the additional
terms in the denition of C must emerge from the pull-bak of a two-form on B,
i.e.
[C℄ = n + 

() 2 H
2
(M;Z) (5.12)
for  some eetive lass in H
2
(B;Z). We will heneforth assume this to be the
ase.
Several distint bundles overM may well give rise to the same spetral over
C sine the latter only enodes the information about the restrition of V to the
bre E
b
. To reover V from the spetral data we need to speify in addition how
it varies over the base, i.e. Vj
B
. As disussed in [40℄ this is uniquely aomplished
by the so-alled spetral line bundle N on C with the property

C
N = Vj
B
: (5.13)
We an formalise these results by introduing the notion of the Poinare
line bundle P. For this purpose, onsider the bre produt M
B
M as the
2
This only means that the part of V over the ellipti bre is of trivial determinant. Nonethe-
less, the full V an have a non-vanishing rst Chern-lass, whih, however, does not reeive
ontributions from the bre. This will beome lear shortly.
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set of pairs (z
1
; z
2
) 2 M  M with (z
1
) = (z
2
). Furthermore we need to
introdue 
1
and 
2
as the projetions on the rst and seond fator, respetively.
Moreover, 
1
denotes the setion 
1
: B ! X ! X 
B
X
0
and 
2
the setion

2
: B ! X
0
! X 
B
X
0
. Then P is dened as the bundle overM
B
M with
the two properties
Pj
E
b
x
' Pj
xE
b
' O
E
b
(x  p); (
1
(P)) j
B
= O
B
: (5.14)
Introduing the diagonal divisor , the rst Chern lass of the Poinare line
bundle is [40℄

1
(P) =   
1
  
2
  
1
(B): (5.15)
We will denote by P
B
the restrition of P to M 
B
C. Now by denition,

1
(P
B
)j
E
b
=
L
i
O(Q
i
 p), as is lear from the fat that C \E
b
=
S
i
Q
i
and the
rst property in (5.14). This remains true if we tensor P
B
with 

2
N for some
line bundle N on C. After all, 

N as a bundle onM is trivial when restrited
to the bre E
b
. On the other hand, Pj

B
E
b
is likewise trivial due to the seond
property in (5.14), and so 
1
(

2
N 
 P
B
)j
B
is simply given by 
C
N . In other
words, the bundle
V = 
1
(

2
N 
 P
B
) (5.16)
indeed exhibits the two dening properties (5.10) and (5.13). This establishes the
denition of an (S)U(n) bundle on the elliptially bered Calabi-Yau threefold
in terms of the spetral data (C;N ). We reiterate that we will only onsider the
ase that the restrition of the bundle to the ellipti bre is an SU(n) bundle,
i.e. that C is as in (5.12).
The bundles onstruted so far are only -semi-stable. It has been shown
in [152℄, Theorem 7.1, that the spetral over must be irreduible in order to
obtain a -stable one, whih imposes two more onditions to the urve  [153℄:
 The linear system jj has to be base point free.
 The lass    n
1
(B) has to be eetive.
We will be more spei about their impliations when it omes to a disussion
of the properties of the basis. In fat, the proof guarantees stability of the bundle
with respet to an ample lass, i.e. a Kahler lass, J =  + J
B
suh that the
Kahler parameter of the ber lies in a ertain range near the boundary of the
Kahler one, that is for suÆiently small . Sine the value of  is not known, in
all models involving the spetral over onstrutions it is therefore a subtle issue
if the region of stability overlaps with the perturbative regime, whih is needed to
have ontrol over non-perturbative eets. In all examples whih will be relevant
for us, the onstraints will leave us enough freedom to go to regions of the Kahler
one where  is muh smaller than J
B
.
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We now give the topologial invariants of the bundle V dened by (5.16). The
working horse for this omputation is the Grothendiek-Riemann-Roh (GRR)
theorem stating that, for a oherent sheaf V over a variety Y with a smooth
projetion  : Y ! X, the Chern haraters of the push-forward sheaf 

W over
X an be omputed from
h


!
(W )

Td(X) = 


h(W ) Td(Y )

; (5.17)
with the operation 

on the right being essentially integration along the bre of
. For ompleteness we note that 
!
(W ), appearing on the left, is the K-theoreti
Gysin map whih is dened as 
!
(W ) =
P
i
( 1)R
i


(W ) in terms of the higher
diret image sheaves R
i


(W ) . The latter an be thought of as the sheaf over X
whose stalk over U  X is given by the ohomology group H
i
(
 1
(U);W j

 1
(U)
)
and the alternating sum is to be understood in the K-theoreti sense. More
information an be found e.g. in [138℄.
The idea is now to apply this theorem to the projetion 
1
:M
B
C !M
and with W given by 

2
N 
 P
B
. In this ase, the ber of 
1
over a point (b)
in M onsists simply of the n points in the n-fold over C whih projet to b
under 
C
: C ! B. Sine the ber is zero-dimensional, all diret images R
i


(V )
higher than R
0

1
(W ) = 
1
(

2
N 
P
B
) vanish. The latter is just the denition
of V and this allows us to ompute the Chern lasses of V from
h(V)Td(M) = 
1
 
e

1
(

2
N
P
B
)
Td(M C)

: (5.18)
As disussed in [40℄, this relates, after additional manipulations, in partiular

1
(N ) and 
1
(V) as

1
(N ) =
1
n


C

1
(V)j
B
 
1
2

1
(TC) +
1
2


C

1
(B) +  (5.19)
in terms of the ohomology lass  satisfying

C
 = 0: (5.20)
One an prove that  an in general be written as
 = (n   

C
 + n

C

1
(B)); (5.21)
where  2 Q . Note furthermore that 
1
(TC) is minus the rst Chern lass of the
anonial bundle K
C
= O(C) on C, i.e. 
1
(TC) =  n   

C
().
We now parameterise 
1
(V) by some element 
1
() 2 H
2
(B;Z) to be speied
momentarily,

1
(V) = 


1
(): (5.22)
Putting everything together, we have

1
(N ) = n

1
2
+ 

 +

1
2
  



C
 +

1
2
+ n



C

1
(B) +
1
n


C

1
():(5.23)
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Sine 
1
(N ) must be an integer lass, not every value of  2 Q and 
1
() 2
H
2
(B;Z) is allowed in the ansatz for 
1
(V). Rather they are subjet to the
onstraints
n

1
2
+ 

2 Z;

1
2
  

 +

n+
1
2


1
(B) +
1
n

1
() 2 H
2
(B;Z); (5.24)
but an otherwise be hosen arbitrarily. Note that if we are interested in SU(n)
bundles as e.g. in [40℄, then simply 
1
() = 0 so that 
1
(V) = 0. All other
onsistent hoies yield U(n) bundles. Allowing non-trivial values for 
1
(V) was
rst onsidered in [69℄ and motivated by the relative Fourier-Mukai transform,
but we will not invoke this piture here
3
. Further appliations of the GRR
theorem lead, after onsiderable work, to the following expressions for the seond
and third Chern lasses [40, 69, 148℄
h
2
(V) =    

 +

1
2n

1
()
2
  !

F;
h
3
(V) =   (   n
1
(B)) 
1
n

1
()  ; (5.25)
where
! =  
1
24

1
(B)
2
(n
3
  n) +
1
2


2
 
1
4

n  (   n
1
(B)): (5.26)
Note that h
3
(V ) has already been integrated over the ber.
As we emphasized several times, this kind of onstrution only gives bundles
with trivial rst Chern lass as restrited to the ellipti bres. To be more general,
we an however twist the bundle V dened via the spetral over onstrution
with an additional line bundle Q on X with [131℄

1
(Q) = q + 

(
1
(
Q
)); (5.27)
where 

(
1
(
Q
)) 2 H
2
(X;Z). The resulting U(n) bundle
V = V 
 Q (5.28)
is -stable preisely if the original bundle V is [30℄. The Chern lasses for V
are straightforwardly omputed from the ones of V and from 
1
(Q) (see also
appendix A.1). Note that the ontribution form 

(
1
(
Q
)) an be absorbed into
an additive shift of 
1
() by n
1
(
Q
). W.l.o.g. we will heneforth assume that

1
(
Q
) = 0.
The Chern haraters of V then read
3
To reover their expressions, simply set 
1
() = 
E
 
n
2

1
(B) in the notation of [69℄.
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h
1
(V ) = nq + 
1
(); (5.29)
h
2
(V ) =
h
  +
q
2
(2
1
()  n q
1
(B))
i
 + a
F
; (5.30)
h
3
(V ) =   (   n
1
(B)) 
1
n
  
1
() + q

1
2n

1
()
2
  !

+ (5.31)
q
1
(B)

  
q
2

1
() +
nq
2
6

1
(B)

;
where
a
F
=
1
2n

1
()
2
  !: (5.32)
For later purposes we also list the Chern lasses,

1
(V ) = nq + 
1
(); (5.33)

2
(V ) =
h
 + q(n  1)


1
() 
q
2n

1
(B)
i
 +
1
2

1
()
2
  a
F
; (5.34)

3
(V ) =
q
2
6
(n
2
  3n+ 2)
 
nq
1
(B)
2
  3
1
()  
1
(B)

; (5.35)
+
q
2n
(n
2
  2n+ 2)
1
()
2
+ (2q   nq   2n)   
1
(B)
+
n  2
n
  
1
() + 2 
2
  nq a
F
  2q !:
To summarize, this lass of U(n) bundles is ompletely speied by the rational
number , the integer q and the lasses  and 
1
().
5.3 del Pezzo base manifolds
As alluded to already, the Calabi-Yau ondition imposes severe onstraints on
whih omplex two-surfaes are eligible as base manifolds of our ellipti bration.
Among the possibilities lassied in [151℄ we an hoose as the base manifold
one of the del Pezzo surfaes dP
r
with r = 0; : : : ; 9. The surfae dP
r
is dened
by blowing up r points in generi position on P
2
. This means that H
2
(dP
r
) is
generated by the r + 1 elements l; E
1
; : : : ; E
r
, where l is the hyperplane lass
inherited from P
2
and the E
m
denote the r exeptional yles introdued by the
blow-ups. The intersetion form an be omputed as
l  l = 1; l E
m
= 0; E
m
 E
n
=  Æ
m;n
: (5.36)
The rst equation follows from the fat that two representatives of the lass
l dene two omplex lines in generi position whih learly interset preisely
one. The self-intersetion for the blow-ups is the usual one for exeptional
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yles. Furthermore, a omplex line in generi position does not pass through
any of the blow-ups, thus l  E
m
= 0.
The Chern lasses read

1
(dP
r
) = 3l  
r
X
m=1
E
m
; 
2
(dP
r
) = 3 + r: (5.37)
We learly reover the part involving l as simply the rst Chern lass of the
anti-anonial bundle of the parent P
2
. For the seond Chern lass of the ellipti
threefoldM we obtain, applying (5.8),

2
(TM) = 12
1
(B) + (102  10r)F: (5.38)
Now for a vetor bundle V
i
we an expand 
i
and 
1
(
i
) in a ohomologial basis

i
= 
(0)
i
l +
r
X
m=1

(m)
i
E
m
; 
1
(
i
) = 
(0)
i
l +
r
X
m=1

(m)
i
E
m
: (5.39)
As mentioned before we have to require that  is eetive and that for stability
   n 
1
(B) is eetive as well. Fortunately, the generating system for the one
of eetive urves on dP
r
has been given in [154℄ and we list the reformulated
result of [153℄ in Table 5.1 for ompleteness. Reall that a general eetive lass
an be expanded into a linear ombination of these Mori one generators with
non-negative integer oeÆients.
Moreover, jj is known to be base point free if  E  0 for every urve E with
E
2
=  1 and E  
1
(B) = 1. Suh urves are preisely given by the generators of
the Mori one listed in Table 5.1.
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r Generators #
1 E
1
, l   E
1
2
2 E
i
, l   E
1
  E
2
3
3 E
i
, l   E
i
  E
j
6
4 E
i
, l   E
i
  E
j
10
5 E
i
, l   E
i
  E
j
, 2l   E
1
  E
2
  E
3
  E
4
  E
5
16
6 E
i
, l   E
i
  E
j
, 2l   E
i
  E
j
  E
k
  E
l
  E
m
27
7 E
i
, l   E
i
  E
j
, 2l   E
i
  E
j
  E
k
  E
l
  E
m
,
3l   2E
i
  E
j
  E
k
  E
l
  E
m
  E
n
  E
o
56
8 E
i
, l   E
i
  E
j
, 2l   E
i
  E
j
  E
k
  E
l
  E
m
,
3l   2E
i
  E
j
  E
k
  E
l
  E
m
  E
n
  E
o
,
4l   2(E
i
+ E
j
+ E
k
) 
P
5
i=1
E
m
i
,
5l   2
P
6
i=1
E
m
i
  E
k
  E
l
, 6l   3E
i
  2
P
7
i=1
E
m
i
240
9 f = 3 
P
9
i=1
E
i
, and fy
a
g with y
2
a
=  1, y
a
 f = 1 1
Table 5.1: Generators for the Mori one of eah dP
r
, r = 1; : : : ; 9. All indies
i; j; : : : 2 f1; : : : ; rg in the table are distint. The eetive lasses an be written
as linear ombinations of the generators with integer non-negative oeÆients.
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Chapter 6
Semi-realisti SO(32) string vaua
We have nally olleted all the relevant material we need in order to disuss
the appliations of the novel embedding of U(n) bundles to string model building
in either heteroti theory. In this hapter, based on [131℄ , we start with the
SO(32) heteroti orner. From our disussion in hapter 4 it is lear that the
parameter spae of potentially onsistent vaua is extremely huge. A systemati
searh for interesting models, let alone a omplete lassiation of the assoiated
landsape
1
, therefore appears hallenging and is far beyond the sope of this work.
The large number of a priori possibilities is due to two independent soures.
First we need to speify a onrete embedding of the type disussed in se-
tion (4.1). Even if we restrit all onsiderations from the beginning to a phe-
nomenologially appealing visible gauge setor - e.g. suh that it reprodue the
Pati-Salam or MSSM gauge group - we have the hoie of the intermediate group
U(M
i
). Basially this amounts to the "internal" integer degree of freedom n
i
in equation (4.4) for eah visible group fator. The eetive tadpole has to be
anelled by introduing an appropriate hidden setor onsisting of hidden gauge
bundles and/or ve-branes. The ombinatoris governing this problem renders a
lassiation of all possibilities highly non-trivial.
All this is of ourse ompletely independent of the question on whih onrete
bakground manifold one endeavours to onstrut suitable vetor bundles. For
reasons of pratiability we will fous on the lass of stable holomorphi bundles
on elliptially bered Calabi-Yau manifolds the essential properties of whih we
have just reviewed in hapter 5. Any alternative methods to onstrut stable
bundles over more general Calabi-Yau threefolds serve, in priniple, as equally
good starting points for model building. The disrete parameter spae even for
the speial set of bundles based on the spetral over onstrution is enormous.
In this hapter we present two semi-realisti examples whih our very preliminary
and restritive survey has produed and whose properties are typial of a large
set of solutions that an easily be generated. In fat, we have only overed a tiny
fration of the solution spae of vetor bundles on ellipti brations over dP
3
and
1
See [155, 156℄ for a treatment of the landsape of string vaua in the S-dual framework of
magnetized D9-branes with abelian bundles respetively interseting branes.
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dP
4
.
We have emphasized several times by now the one-to-one orrespondene be-
tween the arhiteture of the SO(32) heteroti theory with U(n) bundles and the
struture known from the ontext of interseting D-brane model building. Taking
this duality at fae value we therefore advoate the following examples alterna-
tively as Type I vaua with non-abelian magnetized D9-branes on non-toroidal
three-folds inluding D5-branes.
Before digging into the details of the models, it only remains to evaluate the
loop-orreted DUY ondition (4.39) for this lass of vetor bundles. With the
help of the Chern haraters as given in equation (5.29), we obtain the DUY
equation
1
2
r


2J
B
  r


1
(B)

(
1
()  nq 
1
(B)) +
nq
2
J
2
B
= 2 g
2
s

(V ) 
1
2

1
() 
1
(B) 
nq
24
 

2
(B)  
1
(B)
2


(6.1)
after expressing J = `
2
s
(r

+J
B
) in terms of J
B
, the Kahler form on the base B.
This equation has to be satised inside the Kahler one for the model to be well-
dened. The onstraints on the Kahler moduli resulting from this requirement
are olleted in appendix B.
The positivity ondition (4.35) on the real part of the gauge kineti funtion
for a U(N) fator leads to the seond onstraint
n
3!
r

 
r
2


1
(B)
2
  3r


1
(B)J
B
+ 3J
2
B

  2 g
2
s
h
(r


1
(B)  J
B
)

  
q
2
(2
1
()  nq 
1
(B))

+ r

a
F
i
  g
2
s
n
h

1
(B)J
B
+
r

12
 

2
(B)  
1
(B)
2

i
> 0: (6.2)
These onditions impose strong onstraints on the bundles to be put simulta-
neously on the manifoldM. We reall that in general eah U(n) bundle freezes
one ombination of the dilaton and the b
2
(B) + 1 radii.
6.1 A four-generation Pati-Salam model on dP
3
As a rst example we hoose the basis of the ellipti bration to be the del Pezzo
surfae dP
3
. Then we embed a bundle with struture group U(1)  U(2)
2
into
U(4)
3
yielding the observable group
H = U(4) U(2)
2
 SO(8): (6.3)
The data for the twisted bundles are given in Table 6.1.
It an be heked expliitly from (5.24) that this data results in well-dened
spetral bundles N . Furthermore, 
b
and 

as well as

b
  2
1
(B) = 5l   E
1
  3E
2
  E
3
; 

  2
1
(B) = l   E
1
+ E
2
  E
3
(6.4)
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U(n
i
) 
i

i
q
i

i
U(1)
a
0 0 0  2l + 3E
2
+ 3E
3
U(2)
b
0 11l   3E
1
  5E
2
  3E
3
0  2l + 2
P
3
m=1
E
m
U(2)

0 7l   3E
1
  E
2
  3E
3
0  8l + 8
P
3
m=1
E
m
Table 6.1: Dening data for a U(1) U(2)
2
bundle.
are eetive and the linear systems j
b
j, j

j are base-point free, i.e. all inter-
setions with the basis of the Mori one listed in Table 5.1 are non-negative.
Therefore, the onstruted bundles are indeed -stable.
Finally, the tadpole

2
(T ) = 12
"
3l  
3
X
m=1
E
m
#
 + 72 (6.5)
is anelled without adding H5-branes due to
h
2
(V
a
) =  7;
h
2
(V
b
) = [ 11l + 3E
1
+ 5E
2
+ 3E
3
℄  + 8;
h
2
(V

) = [ 7l + 3E
1
+ E
2
+ 3E
3
℄   30: (6.6)
The resulting hiral spetrum is displayed in Table 6.2. Observe in partiular
that there is no hiral state harged under SO(8) due to (V
i
) = 0 and that there
are no symmetri or antisymmetri hiral states sine in addition 
i
 h
2
(V
i
) =

i
 
2
(T ) = 0 for all i.
The analysis of the hiral spetrum shows that all three U(1) fators are
anomaly-free. However, the mass matrix (4.32) has rank two, and only the linear
ombination 4U(1)
b
  U(1)

remains massless.
U(4)
a
 U(2)
b
 U(2)

mult.
(4; 2; 1)
 1; 1;0
2
(4; 2; 1)
 1;1;0
2
(4; 1; 2)
1;0; 1
2
(4; 1; 2)
1;0;1
2
Table 6.2: Chiral spetrum of a four generation Pati-Salam model on dP
3
.
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The resulting DUY onditions are very simple in this onguration sine all
one-loop ontributions anel,
r

(3r
2
+ 3r
3
+ 2r
0
) = 0;
r

 
r
0
+
3
X
m=1
r
m
!
= 0: (6.7)
Aording to our disussion in setion 4.7.3 this ensures that -stability is just
the right riterion for the bundle to satisfy the Hermitian Yang-Mills equation.
Positivity of the gauge kineti funtions requires
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
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0
  2r
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
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
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
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0
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) + r
2
0
 
3
X
m=1
r
2
m
!
+ 2 g
2
s
(16r

+ 4r
0
+ 2r
1
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) > 0:
These onditions an be fullled in the perturbative regime inside the Kahler
one, e.g. for arbitrary r

and g
s
< 0:11 r

, r
0
= 1:8 r

, r
1
= r
2
= r
3
=  0:6 r

.
6.2 A three-generation Standard-like model on
dP
4
This setion is devoted to a three-generation Standard-like model involving four
vetor bundles, where we now take the base manifold to be dP
4
. It an be
regarded as the generalized S-dual version of the four-stak models whih have
beome popular in the framework of interseting branes. Our aim is therefore to
obtain a visible gauge group U(3)
a
U(2)
b
U(1)

U(1)
d
and realize the quarks
and leptons as appropriate bifundamentals. A possible hoie of the hyperharge
as a (massless) ombination of the abelian fators is given by Q
Y
=
1
6
Q
a
+
1
2
(Q

+
Q
d
). In this ase, also some of the (anti-)symmetri representations arry MSSM
quantum numbers . The details of the hiral MSSM spetrum we try to reprodue
an be found in Table 6.4.
Among the many possibilities we onsider the simple embedding of the stru-
ture group G = U(1)U(1)U(2)U(1) into U(3)U(2)U(2)U(1). This
leads to
H = U(3) U(2) U(1) U(1) SO(16) (6.8)
modulo the issue of anomalous abelian fators. We hoose the bundles hara-
terized in Table 6.3.
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U(n
i
) 
i

i
q
i

i
U(1)
a
0 0 1 5l   3E
1
  5E
2
  E
3
U(1)
b
0 0 1  3l + 5E
1
+ 2E
2
  E
3
+ E
4
SU(2)

0 7l   3E
1
  3E
2
  E
3
  E
4
0 0
U(1)
d
0 0 - 1  5l + 3E
1
+ 5E
2
+ E
3
Table 6.3: Dening data for a U(1) U(1) SU(2)  U(1) bundle.
Note that V

atually has struture group SU(2) rather than U(2) sine its rst
Chern lass vanishes, whih however makes no dierene in the group theoreti
deomposition of SO(32). Again, one may verify expliitly that the onditions
for -stability are satised. Let us also point out that the requirement (4.16) of
anellation of the Witten anomaly, whih is non-trivial for odd N
a
, is satised
by the onguration. Furthermore, the U(1)
Y
hyperharge is indeed massless
as desired (see (4.32)). However, sine the rank of the mass matrix is two, we
get another massless U(1) in the four-dimensional gauge group, whih is readily
identied as U(1)

. The perturbative low energy gauge group is therefore
H = SU(3) SU(2) U(1)
Y
 U(1)
0
 SO(16): (6.9)
The degeneray of the bundle V
a
and V
d
= V

a
leads to a gauge enhanement
of the U(3)
a
and the U(1)
d
to a U(4). Apart from these drawbaks, the ong-
uration indeed gives rise to three families of the MSSM hiral spetrum as listed
in Table 6.4.
In addition, we get some hiral exoti matter in the antisymmetri of the U(2)
and in the bifundamental of the SO(16) with the U(3) and U(2), respetively (see
Table 6.5).
In ontrast to the previous example, the hosen bundles alone do not satisfy
the tadpole anellation ondition. However, the resulting tadpole an be an-
elled by inluding H5-branes, whih demonstrates the importane of allowing for
these non-perturbative objets. From the general form of the tadpole equation
we nd the four-form haraterizing this tadpole to be
[W ℄ = 
2
(T ) +
4
X
i=1
N
i
h
2
(V
i
) = 22F + (34l   8E
1
  22E
2
  14E
3
  6E
4
) :
(6.10)
Its Poinare dual lass [ ℄ = 22 + 34l   8E
1
  22E
2
  14E
3
  6E
4
lies
inside the Mori one, i.e. is eetive, and an thus be regarded as the homology
lass assoiated to a (reduible) holomorphi urve around whih we may wrap
a system of H5-branes. To determine the detailed spetrum and gauge group
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U(3)
a
 U(2)
b
 U(1)

 U(1)
d
 SO(16)
Q
a
Sp(2N
a
)
MSSM partile repr. index mult. total
Q
L
(3; 2; 1; 1)
(1; 1;0;0)
(X; V
a

 V

b
) 8
Q
L
(3; 2; 1; 1)
(1;1;0;0)
(X; V
a

 V
b
) -11 -3
u
R
(3; 1; 1; 1)
( 1;0; 1;0)
(X; V

a

 V


) -3
u
R
(3; 1; 1; 1)
( 1;0;0; 1)
(X; V

a

 V

d
) 0 -3
d
R
(3; 1; 1; 1)
( 1;0;1;0)
(X; V

a

 V

) -3
d
R
(3; 1; 1; 1)
( 1;0;0;1)
(X; V

a

 V
d
) 45
d
R
(3
A
; 1; 1; 1)
(2;0;0;0)
(X;
N
2
s
V
a
) -45 -3
L (1; 2; 1; 1)
(0;1; 1;0)
(X; V
b

 V


) -7
L (1; 2; 1; 1)
(0;1;0; 1)
(X; V
b

 V

d
) -11
L (1; 2; 1; 1)
(0; 1; 1;0)
(X; V

b

 V


) 7
L (1; 2; 1; 1)
(0; 1;0; 1)
(X; V

b

 V

d
) 8 -3
e
R
(1; 1; 1; 1)
(0;0;2;0)
(X;
V
2
V

) 0
e
R
(1; 1; 1; 1)
(0;0;0;2)
(X;
V
2
V
d
) 0
e
R
(1; 1; 1; 1)
(0;0;1;1)
(X; V


 V
d
) -3 -3

R
(1; 1; 1; 1)
(0;0; 1;1)
(X; V



 V
d
) -3 -3
Table 6.4: Chiral MSSM spetrum for a four-stak model withQ
Y
=
1
6
Q
a
+
1
2
(Q

+Q
d
).
supported by the branes we must hoose a deomposition of [ ℄ into irreduible
eetive lasses around eah of whih we an wrap one H5-brane. These are
given preisely by the generators of the Mori one in Table 5.1. Note that the
deomposition is not unique and onstitutes (part of) the moduli spae of our
model; what is universal is the total number of hiral degrees of freedom harged
under the sympleti setor (see Table 6.5) and its total rank. In our ase, the
latter is easily found to be 74. For instane, the deomposition
[ ℄ = 22  + 22(l   E
2
  E
3
) + 12(l   E
1
  E
4
) + 4E
1
+ 8E
3
+ 6E
4
(6.11)
results in the sympleti gauge group Sp(44)Sp(44)Sp(24)Sp(8)Sp(16)
Sp(12). The bifundamental exotis between the MSSM group and this sympleti
gauge setor an be determined with the help of (4.12). Ideally, this group would
be hidden, of ourse.
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U(3)
a
 U(2)
b
 U(1)

 U(1)
d
 SO(16)
Q
a
Sp(2N
a
)
MSSM partile repr. index mult. total
- (1; 1
A
; 1; 1)
(0;2;0;0)
(X;
N
2
s
V
b
) -77 -77
- (3; 1; 16; 1)
(1;0;0;0)
(X; V
a
) -1 -1
- (1; 2; 16; 1)
(0;1;0;0)
(X; V
b
) -11 -11
- (1; 1; 16; 1)
(0;0;1;0)
(X; V

) 0 0
- (1; 1; 16; 1)
(0;0;0;1)
(X; V
d
) 1 1
-
P
a
(3; 1; 1; 2N
a
)
(1;0;0;0)
(X; V
a

Oj

) 8 8
-
P
a
(1; 2; 1; 2N
a
)
(0;1;0;0)
(X; V
b

Oj
 
) 56 56
-
P
a
(1; 1; 1; 2N
a
)
(0;0;1;0)
(X; V


Oj
 
) 0 0
-
P
a
(1; 1; 1; 2N
a
)
(0;0;0;1)
(X; V
d

Oj
 
) -8 -8
Table 6.5: Chiral exoti spetrum for the four-stak model with Q
Y
=
1
6
Q
a
+
1
2
(Q

+
Q
d
). In the seond olumn, the rst two entries refer to the U(3) and U(2) fators, the
third to the SO(16) group and the fourth olletively represents the sympleti harges.
The U(1) harges are read o from the lower-ase entries.
The only independent DUY equations are those for V
a
and V
b
1
2
(r
2
0
 
4
X
m=1
r
2
m
) + r

(2r
0
+ 2r
1
+ 4r
2
  r
4
 
1
2
r

) =  
49
6
g
2
s
; (6.12)
1
2
(r
2
0
 
4
X
m=1
r
2
m
) + r

( 6r
0
  6r
1
  3r
2
  2r
4
+
7
2
r

) =  
121
6
g
2
s
; (6.13)
and only x two of the Kahler moduli. Note that V
a
and V
b
, being line bundles,
automatially satisfy the Hermitian Yang-Mills equations. The reason is that
their eld strength is onstant over the manifold as a onsequene of the Bianhi
identity, whih in the abelian ase implies dF = 0.
The SU(2)-bundle V

, by ontrast, is suh that its one-loop part in the DUY
orretion vanishes, so that for V

-stability is suÆient for supersymmetry.
Therefore, the supersymmetry ondition redues entirely to the DUY equation
and no further stability analysis is required.
A solution to (6.12) for whih the real part of the various gauge kineti fun-
tions is positive an well be found inside the Kahler one and in the perturbative
regime. E.g. by taking r
2
=  2:5 r

; r
3
=  1:1 r

; r
4
=   r

and g
s
< 0:41 r

for arbitrary r

, the solution for r
0
and r
1
satises all Kahler one onstraints.
We an therefore always hoose r

and g
s
suh that the model is indeed in the
129
perturbative regime.
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Chapter 7
GUT and Standard Model vaua
from E
8
 E
8
Our ultimate goal is to nd a new framework for the onstrution of realisti string
vaua. Conretely, we have already desribed two very promising senarios how
to arrive at phenomenologially appealing gauge groups and a realisti partile
spetrum in the framework of the E
8
 E
8
string. As one of its virtues the
method of embedding U(N) bundles has the potential to yield just the right gauge
groups without relying on the use of Wilson lines on the Calabi-Yau manifold,
whih would restrit the hoie of the bakground geometry onsiderably. Reall
that the Wilson lines as at abelian gauge bundles inherited from the geometry
are replaed by veritable line bundles with non-vanishing rst Chern lass. In
other words, we have the freedom to put extra struture on our internal manifold
instead of having to take from it what we get.
The rst example we enountered in setion 3.7 was the breaking of E
8
down
to ipped SU(5) U(1)
X
via an SU(4) U(1) gauge instanton, the seond one
being the breaking SU(5)U(1)  E
8
! SU(3)SU(2)U(1)
Y
, see setion 3.8.
Provided that we an ensure that the abelian gauge fator remains massless, both
models therefore sueed in yielding the right gauge group in four dimensions.
In the seond ase, this is obvious as we obtain the MSSM gauge group diretly.
In the GUT SU(5) U(1)
X
framework, by ontrast, we have to rely in addition
on a eld theoreti Higgs mehanism in order to break the GUT group down to
the Standard Model group. Unlike in the Georgi-Glasham SU(5) one arrives at
by invoking just onventional SU(5) instantons on the Calabi-Yau, the spetrum
in our model ipped SU(5) model indeed provides a GUT Higgs eld suitable to
aomplish this task.
The question of primary importane is therefore how to keep the U(1) mass-
less. One possibility, explored already in setion (3.8) for the SU(3)  SU(2)
setup, is to redue the rank of the non-abelian instanton by embedding several
U(1) bundles into the same E
8
fators suh that the right linear ombination
of U(1)s remains massless. While this is possible in priniple and indeed gives
rise to an extremely rih vauum struture, we witnessed how the additional line
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bundles inevitably produed exoti matter. One might try to nd expliit bundle
ongurations suh that the ohomology groups ounting this matter are trivial,
but we follow here an easier and more natural solution by embedding the extra
line bundle not into the same, but rather into the seond E
8
. This leaves the
gauge group and matter from the rst E
8
intat while it allows nonetheless for
a massless ombination of the two U(1)s. In both ases, the requirement that
the U(1)
X
and U(1)
Y
, respetively, do not aquire a mass automatially leads to
a spetrum with preisely g generations of ipped SU(5)/MSSM matter and no
further hiral exotis. The phenomenology of the ipped SU(5) model is partiu-
larly attrative due to the absene of dangerous proton deay operators. We will
furthermore see that the preditions of both senarios for gauge oupling unia-
tion are ompatible with the Standard Model running of the oupling onstants
one we take threshold orretions into aount. We have found several three-
generation realisations of both the ipped SU(5) and the MSSM onstrution
whih are listed in an appendix. The ontents on this hapter is based on [98℄.
7.1 Flipped SU(5) U(1)
X
7.1.1 SU(4) U(1) bundles
The tehnial details of the breaking of E
8
down to SU(5)  U(1)
X
have been
disussed at length in setion (3.7). For onveniene we repeat in table 7.1
merely the visible spetrum resulting from the rst E
8
fator upon embedding the
SU(4) U(1) bundle W = V  L
 1
(see the disussion after equation (3.147)).
SU(5) U(1)
X
0
ohomology (type B) SM part.
10
1
H

(V ) (q
L
; d

R
; 

R
) + [H
10
+H
10
℄
10
 4
H

(L
 1
)  
5
 3
H

(V 
 L
 1
) (u

R
; l
L
)
5
2
H

(
V
2
V ) [(h
3
; h
2
) + (h
3
; h
2
)℄
1
5
H

(V 
 L) e

R
Table 7.1: Massless spetrum of H = SU(5) U(1)
X
0
models.
The massless elds preisely arry, up to a ommon fator, the U(1)
X
harges
as appearing in the ipped SU(5) GUT model [75, 157℄, Q
X
=
1
2
Q
X
0
.
1
Reall
that this model diers from the onventional Georgi-Glashow GUT senario [158℄
1
Note that the normalisation of Q
X
, as hosen here, diers from the one in [75℄ by a fator
of  
1
2
.
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in that the MSSM U(1)
Y
is not entirely ontained in the SU(5), but arises as the
spei linear ombination
1
2
Q
Y
=  
1
5
Q
Z
+
2
5
Q
X
; (7.1)
where Z is the generator of SU(5) ommuting with the generators of the Stan-
dard Model SU(3)  SU(2). In the normalisation of [75℄ Z is given by Z =
diag( 1=3; 1=3; 1=3; 1=2; 1=2). The way how the MSSM matter is organized
into ipped SU(5) multiplets is related to the Georgi-Glashow senario by the
ip
d

R
$ u

R
; e

R
$ 

R
: (7.2)
Most importantly, the (10)
1
ontains the right-handed neutrino as a partile
unharged under the MSSM SU(3)  SU(2)  U(1)
Y
, and giving it a VEV an
therefore serve as the Higgs eet whih breaks the GUT group down to the Stan-
dard Model one. It is this peuliarity of ipped SU(5) whih at rst sight allows
us to work on manifolds without Wilson lines. However, if we only onsider the
bundle (3.147) inside the rst E
8
with 
1
(L) 6= 0, one Kahler/dilaton modulus
reeives a mass from the DUY onstraint and therefore also one axion in ombi-
nation with the U(1)
X
gauge boson. We expliitly demonstrated this in setion
(3.7) by showing that the U(1)
X
0
is anomalous. Therefore, after GUT Higgsing
by H
10
the resulting U(1)
Y
would also be massive. This seems to bring us bak
into the old situation that we are fored to onsider manifolds with non-vanishing
fundamental group to allow for non-trivial at bundles
2
.
Alternatively, here we propose to embed another line bundle into the seond
E
8
suh that a linear ombination of the two observable U(1)'s remains massless.
A priori, one might think that we an take any other line bundle L
2
. However,
from the form of the mass terms, in partiular (3.88), for the two abelian gauge
fators we see immediately that the rst Chern lasses of the abelian bundles in
both E
8
s must be linearly dependent. The free overall fator relating them an of
ourse be absorbed into the linear ombination of the two U(1)s whih remains
massless. Therefore, we take L
2
= L and embed the diret sum
W
2
= L L
 1
(7.3)
into the seond E
8
, where it leads to the breaking E
8
! E
7
 U(1)
2
and the
deomposition
248
E
7
U(1)
 !

(133)
0
+ (1)
0
+ (56)
1
+ (56)
 1
+ (1)
2
+ (1)
 2
	
: (7.4)
Note that we prefer to invoke the embedding of type B rather than type A also
in the seond E
8
fator so that the K-theory onstraint 
1
(W ) 2 H
2
(M; 2Z)
is trivially satised. The resulting massless spetrum is displayed in Table 7.2.
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E7
 U(1)
2
ohomology (type B)
56
1
H

(L)
1
2
H

(L
2
)
Table 7.2: Massless spetrum of H = E
7
 U(1)
2
models.
Clearly, this is just the simplest possible hoie for the "hidden" bundle. It is
straightforward to onsider additional non-abelian summand bundles, but we will
not do so here
3
.
It is needless to state that the trae over the seond E
8
fator yields
tr
E
(2)
8
(F
2
) = 4(2)
2
(2 h
2
(L)): (7.5)
In ombination with the orresponding expressions (3.150) for the bundle in E
(1)
8
,
the tadpole anellation ondition for this model, inluding possible ve-brane
ontributions, reads
h
2
(V ) + 3 h
2
(L) 
X
a
N
a

a
=  
2
(T ): (7.6)
Let us now take a loser look at the onditions for masslessness of a linear om-
bination of the two U(1)s. Clearly, all three kinds of mass terms (3.87), (3.88)
and (3.89) for U(1)
X
0
and U(1)
2
must be related by the same onstant fator if
suh a ombination is to exist. We antiipated already that the ontributions
from the Kahler axions an vanish for a linear linear ombination only if the rst
Chern lasses of the line bundles in both E
8
fators are linearly dependent. More
preisely, taking into aount that

X
0
;X
0
= 10; 
2;2
= 4; (7.7)
as an be omputed via equ.(3.25), one realizes that preisely the linear ombi-
nation
U(1)
X
=
1
2

U(1)
X
0
 
5
2
U(1)
2

(7.8)
has a hane to remain massless. From (3.89) we nd that in the presene of
ve-branes, this requires the absene of mass terms from the axions
~
b
a
stemming
2
For 
1
(X) = 0, a line bundle with 
1
(L) = 0 is always trivial and the observable gauge
group gets enhaned to SO(10).
3
The reason is that they would produe additional matter harged under U(1)
2
in the seond
E
8
whih will therefore appear as exoti eletrially harged, but otherwise neutral elds from
the point of view of the "visible" setor. The only exeption is the embedding of an SU(2)U(1)
into the seond E
8
, in whih ase the analysis goes through almost identially.
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from the self-dual tensors on their worldvolume sine these terms ontribute with
opposite signs in the two E
8
setors. Going now bak to the mass term involving
the universal axio-dilaton, we onlude that the ombination (7.8) indeed remains
massless if and only if the following onditions are satised
Z
M

1
(L) ^ 
2
(V ) = 0;
Z

a

1
(L) = 0 for all M5 branes: (7.9)
In this ase the resulting hiral massless spetrum simplies onsiderably and is
given in table 7.3 .
SU(5) U(1)
X
 E
7
hirality SM part.
(10; 1)
1
2
(V ) = g (q
L
; d

R
; 

R
) + [H
10
+H
10
℄
(10; 1)
 2
(L
 1
) = 0  
(5; 1)
 
3
2
(V 
 L
 1
) = g (u

R
; l
L
)
(5; 1)
1
(
V
2
V ) = 0 [(h
3
; h
2
) + (h
3
; h
2
)℄
(1; 1)
5
2
(V 
 L) + (L
 2
) = g e

R
(1; 56)
5
4
(L
 1
) = 0  
Table 7.3: Massless spetrum of H = SU(5) U(1)
X
models with g =
1
2
R
X

3
(V ).
Remarkably, just the requirement that the U(1)
X
be massless automatially leads
to preisely g generations of ipped SU(5) matter and no further hiral exoti
states. This is straightforward to see: Just take the wedge produt of the tadpole
equation (7.6) with 
1
(L), integrate overM and use (7.9) to nd
Z
M

1
(L)
3
=  
1
2
Z
M

2
(T ) ^ 
1
(L)
=) (L
1
) = 0; (V 
 L
 1
) = (V 
 L) + (L
 2
) = (V ): (7.10)
One important and very attrative onsequene of the breaking of E
8
to SU(5)
via a non-trivial line bundle is that the eletroweak Higgs arries dierent quan-
tum numbers than the lepton doublets, as is obvious from table 7.1. The onse-
quenes of this peuliarity, whih distinguishes the spetrum of our ipped models
from that emerging from onventional Wilson line breaking, for the absene of
proton deay operators will be disussed in the next setion.
Note that in general the right-handed eletrons reeive ontributions from
both the rst and the seond E
8
. From a phenomenologial point of view, we
need to irumvent these latter in order to avoid non-MSSM like seletion rules
for their Yukawa ouplings. They are absent if additionally one requires
(7:6); (7:9) and (L
 2
) = 0 =)
Z
M

3
1
(L) = 0 =
Z
M

1
(L) ^ 
2
(T ) = 0: (7.11)
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With these extra onditions, the generalized DUY ondition for the bundle L
simplies onsiderably,
Z
M
J ^ J ^ 
1
(L) = 0; (7.12)
and ontains only the tree-level part. The same holds for V , of ourse. We reall
the ruial observation made in setion 3.6.3 that it is preisely in suh a situation
that -stability of V guarantees a solution to the deformed Hermitian Yang-Mills
equation for suÆiently small g
s
. Also, equation 7.12 "freezes" only one of the
h
11
Kahler moduli. By ontrast, the threshold orretions to the gauge kineti
funtions will be non-vanishing. For onsisteny of the low-energy eetive theory
we need to ensure that the DUY an atually be solved in a regime inside the
Kahler one where the real part of the threshold orreted gauge kineti funtions
is positive, at least for the unbroken gauge symmetries. Apart form the SU(5)
and the hidden E
7
symmetry, we will therefore have to hek this ondition for
the gauge kineti funtion of the generator of U(1)
X
, whih is given by
4
f
X;X
=
1
4
 
f
X
0
;X
0
+

5
2

2
f
2;2
  5 f
X
0
;2
!
(7.13)
in terms of the orresponding quantities for U(1)
X
0
and U(1)
2
.
7.1.2 Yukawa ouplings and proton deay
This string theory realization of ipped SU(5)  U(1)
X
exhibits many of the
harateristi features of the eld theory GUT model. For their details we refer
to [75, 157, 159, 160℄.
The GUT breaking is naturally aomplished via a non-vanishing vauum
expetation value of the singlet omponent in H
10
+H
10
. This leads to a natural
solution of the doublet-triplet splitting problem via a missing partner mehanism
in the superpotential oupling
10
H
1
2
10
H
1
2
5
 1
: (7.14)
The reason is that after GUT breaking all omponents of H
10
+ H
10
aquire a
GUT sale mass exept for a singlet and a triplet whih ombine, via the above
oupling, with the triplet h
3
in the 5
1
, i.e. the eletro-weak Higgs, in just the
right way as to make it heavy. More details are given in [159℄.
This has very attrative onsequenes for proton stability sine problemati
dimension-ve operators involving the otherwise present h
3
omponent and whih
would mediate proton deay an be suppressed. Furthermore, as shown in [161℄,
ipped SU(5) diers from the Georgi-Glashow model in that also the dimension-
six proton deay operators, emerging after integrating out the o-diagonal gauge
4
See appendix C for some remarks on this point.
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bosons in the (3; 2), an be ompletely eliminated. Additional details and more
referenes an also be found in [162℄.
Moreover, the gauge invariant Yukawa ouplings
10
i
1
2
10
j
1
2
5
 1
; 10
i
1
2
5
j
 
3
2
5
1
; 5
i
 
3
2
1
j
5
2
5
 1
; (7.15)
lead to Dira mass-terms for the d, (u; ) and e quarks and leptons after ele-
troweak symmetry breaking. If there exist additional gauge singlets 
10
, then ou-
plings of the form 10
i
1
2
10
H
 
1
2

10
an give rise to Majorana type neutrino masses
and therefore to a see-saw mehanism. These gauge singlets are ertainly present
in our set-up in the form of the vetor bundle moduli, i.e. non-hiral matter
ounted by H

(M; V 
 V

).
Sine the eletroweak Higgs arries dierent quantum numbers than the lepton
doublet, the dangerous dimension-four proton deay operators
l l e 2 5
i
 
3
2
1
j
5
2
5
k
 
3
2
; qd l; udd 2 10
i
1
2
10
j
1
2
5
k
 
3
2
(7.16)
are not gauge invariant and thus absent. A detailed disussion of this peuliar
property of heteroti onstrutions with line bundles has reently been given
in [102℄ in the ontext of Georgi-Glashow SU(5).
7.1.3 Gauge oupling uniation
We now disuss the issue of gauge oupling uniation in detail.
The basis of the subsequent analysis is the well-known logarithmi running
of the oupling onstants for the gauge fators, labelled by i, in some low-energy
eetive eld theory,
1
()
i
=
k
i

GUT
+
b
i
2
log


M
GUT

: (7.17)
Here, 
GUT
represents the values of the inverse squared gauge oupling (times
4) of a hypothetial GUT gauge group at the uniation sale M
GUT
. The
oeÆients b
i
parameterise the eld theoreti running of the ouplings due to
one-loop graphs. Their value is of ourse set by the harged partile ontent up
to the GUT sale. The well-known observation for the Standard Model is that,
given the values for 
3
, 
Y
and 
2
measured at the weak sale and under the
assumptions of just the MSSM matter up toM
GUT
, the system of three equations
(7.17) is satised with M
GUT
= 2  10
16
GeV and k
3
= k
2
=
3
5
k
Y
[163, 164℄.
Now if one breaks a stringy SU(5) or SO(10) GUT model down to the Stan-
dard Model via disrete Wilson lines, then the underlying string theory already
makes a denite predition for the parameters k
i
whih relate the gauge ouplings
atM
GUT
. These are indeed the usual ones as for SU(5) or SO(10) GUT theories,
i.e.

3
= 
2
=
5
3

Y
= 
GUT
: (7.18)
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Consequently, for onsisteny with the observed MSSM ouplings at the weak
sale, one an dedue from (7.17) that 
GUT
'
1
24
.
As we have seen, in String Theory, the gauge ouplings omprise, beyond
their tree-level part, additional string one-loop threshold orretions. Under the
phenomenologial assumption that up to 
GUT
the MSSM spetrum is not aug-
mented by additional light elds, a phenomenologially aeptable string vauum
must therefore reprodue the relations (7.18) for the full, possibly threshold or-
reted, gauge ouplings. If we are in a regime where the threshold orretions
are negligible, then (7.18) must hold at string tree-level; otherwise the threshold
orretions must be suh that (7.18) is satised for the omplete ouplings.
An additional ompliation arises due to the observation that for the weakly
oupled heteroti string, the predition for the Plank sale is too low. The reason
is that for small string oupling, g
s
 1, the theory relates the four-dimensional
Newton's onstant and the uniation sale via
G
N


4
3
GUT
M
2
GUT
: (7.19)
For the details of the derivation see e.g. [90℄. Assuming the quoted values for
M
GUT
and 
GUT
, the lower bound on G
N
is too large by a fator of 400 [90℄.
This an be remedied in the strong oupling Horava-Witten theory [76, 77, 90℄.
Here it turns out that the values of the eleven-dimensional Plank mass M
11
, 
and r
CY
= M
 1
GUT
have to lie within a partiular range in order to be ompatible
both with the GUT relations and the Plank sale
5
. It is noteworthy that
already the standard Wilson line approah to GUT breaking requires a tuning of
the parameters of the internal manifold and the size of the eleventh dimension
in order to predit orretly the observationally inferred GUT sale and Plank
mass.
Let us now analyse the gauge oupling behaviour in our models. Clearly, if
we onsider Higgs breaking of the ipped SU(5) GUT model down to the MSSM,
then the predition for the MSSM tree-level ouplings 
3
and 
2
at the GUT sale
is simply 
3
= 
2
= 
5
, sine they both emerge from the same SU(5). What is
speial is that the U(1)
X
and therefore also the nal U(1)
Y
gauge symmetry, by
ontrast, have their origin in both E
8
walls. Reall the denitions of the various
abelian harges as
1
2
Q
Y
=  
1
5
Q
Z
+
2
5
Q
X
; Q
X
=
1
2

Q
X
0
 
5
2
Q
2

(7.20)
so that the gauge kineti funtions satisfy the relation
f
Y Y
=
4
25
 
f
Z;Z
+ f
X
0
;X
0
+

5
2

2
f
2;2
  5 f
X
0
;2
!
: (7.21)
5
Very qualitatively, this means that 1  r
CY
  in string units. The preise onstraints
an be found in [90℄.
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Sine Q
Z
is the diagonal U(1) generator within SU(5), the gauge ouplings are
idential up to the normalisation
f
Z;Z
=
5
12
f
SU(5)
: (7.22)
The non-abelian gauge oupling of the SU(5) inluding the one-loop ontri-
bution follows from (3.103) as
1

5
=
1
3`
6
s
g
2
s
Z
M
J ^ J ^ J  
1
`
2
s
Z
M
J ^

 
2
(V ) + 
2
1
(L) +
1
2

2
(T )

+
1
`
2
s
X
a
N
a

1
2
  
a

2
Z

a
J: (7.23)
Using

X
0
;X
0
= 40; 
2;2
= 4; 
1;1
= 10; 
2;2
= 4; (7.24)
we an likewise read o the expressions for f
X
0
;X
0
; f
2;2
and f
X
0
;2
from (3.104) and
(3.105). In view of the relations (7.21) and (7.22) we eventually onlude that
1

Y
=
8
3
1

5
 
1
`
2
s
Z
M
J ^


2
(V ) + 4 
2
1
(L)

+
2
`
2
s
X
a
N
a

a
Z

a
J: (7.25)
Note that the seond and third summands in (7.25) arise at one-loop as ompared
to the lowest order ontribution in
1

5
. As we see, these string models do not give
rise to the usual GUT tree level relation 
GUT
=
5
3

Y
, but instead to 
GUT
=
8
3

Y
.
Therefore, if we assume just the Standard Model spetrum up to the uniation
sale (i.e. no additional vetor-like matter like Higgs pairs) and if we are in
a situation where the threshold orretions present in (7.25) are negligible, the
gauge ouplings do not unify at M
GUT
. This is, however, not ompelling one we
give up one of the two stated assumptions. As far as the threshold orretions are
onerned, depending on their preise value in the vauum under onsideration,
they an eventually give a unied gauge oupling piture again. Dening
1

Y
=
8
3
1

GUT
+ (7.26)
we see that the threshold orretion must take the value  =  
1

GUT
  24, i.e.
1

Y



1 loop
=  
3
8
1

Y



tree
: (7.27)
For 
GUT
= 1=24, suh a relation an just be satised with g
s
< 1 and r
CY
>
p

0
for large enough Chern lasses of the vetor bundles. We will see in the next
setion that for our expliit models this is indeed possible. Of ourse, in the
weakly oupled heteroti framework, the Plank sale still omes out too low and
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one must onsider Horava-Witten theory, where now the next-to-leading order
orretions to the gauge ouplings are to be taken into aount.
To onlude, what distinguishes our models from the standard Wilson line
approah to GUT breaking is the appearane of one further onstraint on the
geometry of the ompatiations. We reiterate that in the standard senario,
too, the ondition that the four-dimensional Plank mass ome out orretly
redues the preditive power of the setup in that it involves additional tuning
of the geometri parameters of the bakground. In that respet, inluding also
(7.27) into the model building wish-list is oneptually just along the lines of the
standard proedure.
Alternatively, one an ontemplate that extra light Higgs elds, if present in
the non-hiral spetrum, might lead to gauge oupling uniation at a dierent
sale. However, this sale is neessarily lower than the usual GUT sale, whih
worsens the mismath of the Plank sale.
7.1.4 An example on dP
4
Having disussed the hief phenomenologial aspets of our heteroti ipped
SU(5) onstrution, we now prove that it is indeed possible to nd expliit re-
alisations in our framework whih meet all the string onsisteny onditions and
give rise to preisely the hiral MSSM spetrum. We hoose as our bakground
manifold elliptially bered Calabi-Yau threefolds over the base dP
4
(see setion
5.3 for a summary of their properties). We reall in partiular that the seond
Chern lass of the tangent bundle is given by (5.8),

2
(T ) = [36l   12
4
X
i=1
E
i
℄  + 62F; (7.28)
where 
1
(dP
4
) is expanded in the ohomologial basis and F is the lass of the
ber. The Mori one is generated by the 10 eetive lasses E
i
, l   E
i
  E
j
,
i; j = 1; : : : ; 4, i 6= j.
We have found a ouple of three-generation ipped SU(5) vaua satisfying
all the required onstraints. They are displayed in table D.1 of appendix D. We
hoose the following example to demonstrate their properties. The U(4) bundle
is given by the data
 =
1
4
; q = 0;
 = 14l   2E
1
  6E
2
  6E
3
  2E
4
; (7.29)

1
() =  4l + 4E
2
+ 4E
3
+ 4E
4
:
Note that the rst Chern lass of the line bundle N in the spetral over on-
strution (5.23) is an integer lass, as required:

1
(N ) = 3 + 

C
(8l   2E
1
  3E
2
  3E
3
  2E
4
) : (7.30)
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It is easy to see that jj is base point free, sine its intersetion with the generators
of the Mori one is always positive. One an also easily show that  is eetive as
well as   4
1
(dP
4
) = 2l+2E
1
  2E
2
  2E
3
+2E
4
. Thus, this bundle is -stable.
The resulting Chern lasses are

1
(V ) =  4l + 4E
2
+ 4E
3
+ 4E
4
; (7.31)

2
(V ) = [14l   2E
1
  6E
2
  6E
3
  2E
4
℄    29F: (7.32)
In our setup, the rst Chern lass of the line bundle must be equal to the rst
Chern lass of the vetor bundle (see (3.147)), thus

1
(L) =  4l + 4E
2
+ 4E
3
+ 4E
4
: (7.33)
To nd a solution to the tadpole ondition, we also inlude M5-branes. Their
ombined assoiated ohomology lass is
[W ℄ = 27F + (22l  10E
1
  6E
2
  6E
3
  10E
4
) : (7.34)
To make physial sense, [W ℄ must be Poinare dual to the homology lass of a
urve  inM, and must be therefore eetive. [W ℄ is eetive if its part on the
ber is greater than or equal to zero and its part on the base is eetive in B.
Therefore, we rewrite [W ℄ in terms of generators of the Mori one,
[W ℄ =
X
a
N
a

a
= 27F + [12E
1
+ 6(l   E
1
  E
2
) (7.35)
+6(l  E
1
  E
3
) + 10(l   E
1
  E
4
)℄ :
The generators of the Mori one, being irreduible as eetive lasses, represent
the lasses dual to the irreduible urves 
a
around whih we wrap N
a
ve-
branes. In general, this deomposition is not unique. However, we also have
to satisfy the onstraint
R

a

1
(L) = 0 for a massless U(1)
X
, and (7.35) is the
only remaining deomposition ompatible with this requirement. The tadpole
anellation ondition for this setup, written in terms of Chern lasses, takes the
form
 
2
(V ) + 2
2
1
(L)  [W ℄ =  
2
(T ) (7.36)
and is indeed satised. It is a simple alulation to show that the onditions to
keep the U(1)
X
in the ipped SU(5) model massless hold
Z
M

1
(L) ^ 
2
(V ) = 0;
Z

a

1
(L) =
Z
M

1
(L) ^ 
a
= 0: (7.37)
Sine the Chern lass of the line bundle has no part in the ber, the integral over
its third power trivially vanishes,
Z
M

3
1
(L) = 0; (7.38)
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and thus a ontribution to the right-handed eletrons from the seond E
8
fator
is prevented. The number of generations in our example is given by
(V ) =
1
2
Z
M

3
(V ) = 3 (7.39)
sine
R
M

1
(V ) ^ 
2
(V ) =
R
M

1
(L) ^ 
2
(V ) = 0.
Expanding the Kahler lass in the ohomologial basis,
J = l
2
s
(r

 + r
0
l +
4
X
m=1
r
m
E
i
); (7.40)
the DUY-equation (7.12)
Z
M
J ^ J ^ 
1
(L) =  8l
4
s
r

(r
0
+ r
2
+ r
3
+ r
4
) = 0 (7.41)
xes one Kahler modulus. There exist solutions inside the Kahler one. Take as
an example
0 < r

< 2; r
0
= 3; r
m
=  ; m = 1; : : : ; 4: (7.42)
With this hoie, equation (7.41) holds and the Kahler lass lies inside the Kahler
one for every  2 R
+
.
The universal gauge oupling for the non-abelian visible gauge group (3.103)
an be omputed as
6
4
g
2
1
=
1
3g
2
s
 
5r
3

  15r
2

+ 15r


2

  24r

  4  (
1
2
  
5
)
2
(7r

  34); (7.43)
whih is positive for a suitable hoie of parameters. The abelian gauge ouplings
are given by (3.104,3.105)
4Re (f
i;i
) =

i;i
4

1
3g
2
s
(5r
3

  15r
2

+ 15r


2
) (7.44)
 24r

  4  (
1
2
  
5
)
2
(7r

  34)

+
320
3
r

;
4Re (f
X
0
;2
) =  
160
3
r

(7.45)
with 
X
0
;X
0
= 40 and 
2;2
= 4. The resulting gauge oupling (7.13) for the U(1)
X
is then positive again:
4Re f
X;X
=
65
16

1
3g
2
s
(5r
3

  15r
2

+ 15r


2
)  24r

  4 (7.46)
 (
1
2
  
5
)
2
(7r

  34)

+ 260 r

:
6
Note that in the following equations, 
5
is the ve-brane modulus and not the parameter
belonging to the bundle data.
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In view of the disussion of possible gauge oupling uniation, we note that
the threshold orretion as dened in 7.27 is, assuming for simpliity that 
a
= 0
for all ve-branes,
 =  
1
`
2
s
Z
M
J ^


2
(V ) + 4 
2
1
(L)

= 183r

  26 (7.47)
and has the orret sign if r

<
26
183
.
Note that with this hoie for r

, the positivity of the gauge ouplings an
still be ahieved and, equally importantly, it is onsistent with the requirement
that r

  in order that the proof of -stability of the bundles an be trusted.
To summarize, this example with three hiral generations satises the tadpole
ondition (7.6) as well as the onstraints (7.9) guaranteeing a massless U(1)
X
.
We have no non-MSSM like seletion rules for the Yukawa ouplings of the right-
handed eletrons sine there are indeed no ontributions from the seond E
8
(7.11). Furthermore, the Kahler moduli an be hosen suh that the DUY equa-
tion (7.12) holds and the gauge ouplings are positive.
In appendix D, we list all three-generation models we have found on dP
4
by a omputer searh whih likewise satisfy all these onditions. We have also
found three-generation examples for a senario diretly giving rise to the Standard
Model gauge symmetry, to be disussed in the next setion.
7.2 Just the SU(3)SU(2)U(1)
Y
gauge symme-
try
7.2.1 SU(5) U(1) bundles
As we have spelled out in setion 3.8.1, the diret breaking of E
8
to the Standard
Model group is possible by hoosing a bundle with struture group SU(5) 
U(1)
Y
0
, resulting in gauge group SU(3)  SU(2)  U(1)
Y
0
. Similarly to the
ipped SU(5) onstrution, we embed a bundle of type B,
W = V  L
 1
; with 
1
(V ) = 
1
(L); rank(V ) = 5 (7.48)
into the rst E
8
.
We have seen that again the U(1)
Y
0
by itself annot remain massless so that
we will perform the same onstrution as for the ipped SU(5) model. We an
therefore be omparatively brief about the details of the largely analogous on-
strution. We embed the line bundle L, or rather W
2
= L  L
 1
, also in the
seond E
8
and realize that here the linear ombination
U(1)
Y
=
1
3
(U(1)
Y
0
  3U(1)
2
) (7.49)
remains massless if again the onditions
Z
M

1
(L) ^ 
2
(V ) = 0;
Z

a

1
(L) = 0 (7.50)
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are satised. The resulting hiral massless spetrum takes the simple form given
in table 7.4.
SU(3) SU(2) U(1)
Y
 E
7
hirality SM part.
(3; 2; 1)
1
3
(V ) = g q
L
(3; 2; 1)
 
5
3
(L
 1
) = 0  
(3; 1; 1)
2
3
(
V
2
V ) = g d

R
(3; 1; 1)
 
4
3
(V 
 L
 1
) = g u

R
(1; 2; 1)
 1
(
V
2
V 
 L
 1
) = g l
L
(1; 1; 1)
2
(V 
 L) + (L
 2
) = g e

R
(1; 1; 56)
1
(L
 1
) = 0  
Table 7.4: Massless spetrum of H = SU(3)  SU(2)  U(1)
Y
models with g =
1
2
R
M

3
(V ).
Therefore, one gets preisely g generations of Standard Model matter without
a right-handed neutrino. The right-handed eletrons have ontributions from
both the rst and the seond E
8
. The latter are again absent if additionally one
requires
Z
M

3
1
(L) = 0: (7.51)
In this model, there are no additional gauge or obvious disrete symmetries ar-
ried by the Standard Model partiles, so that the dangerous dimension four proton
deay operators are not neessarily vanishing. We refer to table D.2 in appendix
D for a ouple of examples with just the Standard Model hiral matter whih
we have found in this setup using the spetral over method over dP
4
bered
Calabi-Yau threefolds.
7.2.2 Gauge oupling uniation
The issue of gauge oupling uniation is preisely the same as what we have
enountered in the ipped SU(5) ontext. Now the gauge kineti funtion for
U(1)
Y
=
1
3
(U(1)
Y
0
  3U(1)
2
) (7.52)
follows as
f
Y;Y
=
1
9
(f
Y
0
;Y
0
  6f
Y
0
;2
+ 9f
2;2
) : (7.53)
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Eah individual term above an be omputed from the general expressions (3.104)
and (3.105) with the help of the trae parameters

1;1
= 60; 
2;2
= 4; 
1;1
= 12; 
2;2
= 4; (7.54)
and the gauge ouplings for SU(3) and SU(2) equal the expression (7.23). One
eventually onludes that again
1

Y
=
8
3
1

3;2
 
1
`
2
s
Z
X
J ^


2
(V ) + 4 
2
1
(L)

+
2
`
2
s
X
a
N
a

a
Z

a
J: (7.55)
We therefore nd ourselves exatly in the same situation as in setion (7.1.3), to
whih we refer for a disussion of the signiane of this result for gauge oupling
uniation.
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Chapter 8
Conlusions and Outlook
The embedding of unitary bundles into the ten-dimensional gauge group of the
heteroti string reveals a remarkably rih and hitherto negleted struture. At
the oneptual level, the starring role in geometri string ompatiations is
played by holomorphi stable bundles - both in the heteroti and the Type I/
Type IIB orientifold orner of the M-theory moduli spae. Despite the dier-
enes in the fundamental worldsheet formulation of these dual theories, we an
therefore apply basially the same tehniques to an investigation of their pertur-
bative four-dimensional vaua. The dierenes in the struture of the emerging
gauge setor in this setup has been identied as being primarily due to the group
theoreti features of E
8
 E
8
on the one hand and SO(32) on the other, most
notably the respetive natural subgroups inluding the deomposition of the ad-
joint representation. The idential massless spetrum emerging from the SO(32)
heteroti and the Type I string on D9-branes with unitary gauge ux is satis-
fatory in view of the onjetured S-duality relating both desriptions, but not
ompletely trivial - after all S-duality is a non-perturbative symmetry and in-
terhanges, at the mirosopi level, the fundamental strings of one theory with
the solitoni, non-perturbative objets of the other. In that respet we point out
that although we found omplete agreement in our spei setup, there is still a
puzzle remaining how the reent emergene of various spinor representations in
the ontext of SO(32) heteroti orbifold models [140℄ an be understood from the
point of the view of our bundle onstrutions. An answer to this question might
well follow from a better understanding of the general relation between orbifold
onstrutions and smooth Calabi-Yau ompatiations.
Fousing again on the latter, it perfetly ts into the piture just skethed
that the well-established 
0
-orretions to the supersymmetry ondition for bak-
ground gauge elds translate into string-loop orretions on the heteroti side.
For the SO(32) theory the expressions we found for the integrated supersymme-
try ondition are in one-to-one orrespondene with the Type IIB MSSM equa-
tion [145℄ and only depend on the information of the individual U(N) gauge fator
under onsideration. Clearly this just what we expet from the S-dual piture of
independent magnetized D9-brane staks. For the E
8
 E
8
theory, by ontrast,
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the one-loop orretion involves ontributions from all bakground instantons.
On the Type IIB side the perturbative 
0
-orretions are known to aet not
only the integrated supersymmetry equation, but also the loal Hermitian Yang-
Mills equations and therefore modify the stability ondition from -stability, valid
at tree-level, to -stability. This inspired us to onjeture a orresponding modi-
ation of the stability ondition on the bundles also on the heteroti side whih
we alled -stability. Both - and -stability seem to be the right riterion only
in the strit perturbative sense and appliable only under the assumption that
the tree-level part in the respetive slope dominates in a well-dened manner
over the string-loop or 
0
-orretion. In addition, the non-perturbative ontribu-
tions indued by worldsheet instantons in Type IIB make out the full -stability
ondition in the derived bounded ategory of oherent sheaves and are expeted
to have a heteroti ounterpart in the form of spaetime instantons. A detailed
study of these eets inluding the preise mathematial denition of heteroti
-stability is to follow. Independently of this mathematial question it would
be important to justify the proposed deformation of the Hermitian Yang-Mills
equation by an analysis of the ten-dimensional Killing spinor equations at the
one-loop level.
In pratial terms, the supersymmetry and thus stability ondition on the het-
eroti/Type IIB side appears to be more approahable than in the mirror dual
framework of Type IIA orientifolds. The reason is that the speial Lagrangian
ondition on supersymmetri three-yles for A-branes is beyond the regime of
omplex geometry, whose powerful tehnology, on the other hand, enables one
to onstrut quite general supersymmetri holomorphi bundles as the dual ob-
jets. In this way, we an view the embedding of unitary bundles into the SO(32)
heteroti/Type I string as bypassing the unsolved mathematial problem of iden-
tifying speial Lagrangian three-yles on general Calabi-Yau manifolds.
As far as the model building prospets are onerned, the most prominent ad-
vantage of the embedding of unitary bundles into the E
8
E
8
string is the "deou-
pling" of the gauge bundles from the topology and geometry of the bakground
manifold in that we do no more depend on the presene of a non-trivial rst
fundamental group. We expet this to be of ruial assistane when it omes to
extending heteroti model building to the more realisti framework of non-Kahler
ompatiations with non-vanishing form eld uxes. This will eventually be
inevitable in order to takle suh pressing problems as moduli stabilisation and
dynamial supersymmetry breaking with nonetheless realisti gauge setors.
As a rst step, however, we have restrited our expliit model searh to the
standard framework of elliptially bered Calabi-Yau bakgrounds where we an
rely on the spetral over onstrution of stable holomorphi bundles. Even a very
preliminary searh has revealed a number of vaua with ipped SU(5) U(1)
X
and MSSM gauge group and preisely the observed three generations of hiral
matter. From the phenomenologial point of view, this is just the very rst step.
A omputation of the ohomology groups whih ount the harged matter will
also reveal the amount of vetor-like matter pairs whih annot be dedued just
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from the Euler harateristi of the gauge bundles. In partiular, we need to
determine the number of eletro-weak Higgs pairs and, in the ase of the ipped
SU(5)  U(1)
X
models, the number of GUT Higgses whih are required for the
vaua to give rise to realisti models at the weak sale. A derivation of the
mathematial methods required for this omputation is beyond the sope of this
thesis and is postponed to the forthoming publiation [165℄, where we will also
exploit the framework of stable bundle extensions for our model searh. Let us
merely antiipate here that this tehnique seems to provide us with a surprisingly
large number of models with a very realisti spetrum inluding the appearane
of preisely three families of quarks and leptons.
An even more hallenging task will be the omputation of the Yukawa ou-
plings and -terms, possibly along the lines of [166{168℄. As we briey outlined,
there seem to exist no a priori seletion rules in our ase whih forbid any of the
phenomenologially required Yukawas, but the expliit omputation of the phys-
ial ouplings is only possible one we know the Kahler potential for the harged
matter elds in order to normalise their kineti terms appropriately.
Our entire analysis has foused on the perturbative, large volume regime and
avoided an expliit worldsheet formulation. It is not only of aademi interest,
though, to larify the status of the underlying (0; 2) non-linear -model and
whether or not it admits a desription in terms of a Landau-Ginzburg [169℄ or
gauged linear -model [31℄. In suh situations, the theory an be shown to be
free of potentially destabilising worldsheet instantons [170{172℄.
In the absene of a deeper understanding of the struture priniples behind
the vast landsape of string vaua the fate of all string model building attempts is
to resemble the searh for the famous needle in a hay stak. Unless this situation
hanges drastially due to some revolutionary insights, it appears therefore rea-
sonable to supplement the onrete model-by-model searh by a statistial analy-
sis of the distribution of the harateristi features in the moduli spae of vaua.
In view of the oneptual similarities of the gauge setors arising on the Type II
and the heteroti side, the statistial approah performed in [155, 156, 173, 174℄
for Type IIA orientifolds or of [63℄ for models at the Gepner point seems within
reah also for the heteroti string. Suh an analysis of a speial lass of non-
supersymmetri four-dimensional heteroti vaua has reently appeared in [175℄.
After all, the aim of String Theory is none less than to determine the status of
the observed laws of Nature within the set of thinkable worlds.
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Appendix A
Some useful mathematial fats
A.1 Topologial invariants of vetor bundles
Throughout this thesis we have made extensive use of various topologial invari-
ants of vetor bundles. For onveniene of the reader we ollet here some useful
denitions and identities. Muh more information an be found e.g. in [176℄.
Let V be a omplex rank r vetor bundle over a omplex d-dimensional man-
ifold with eld strength F . Then the total Chern harater h(V ) is dened
as
h(F ) = tr e
1
2
F
=
d
X
k=1
h
k
(V )
h
k
(V ) =
1
k! (2)
k
trF
k
: (A.1)
Note that h
0
(V ) = r. Furthermore the Chern haraters of the omplex onju-
gate bundle V

are
h
k
(V

) = ( 1)
k
h
k
(V ): (A.2)
The Chern harater of the tensor produt and the Whitney sum of two vetor
bundles V
a
and V
b
of rank r
a
and r
b
respetively an be found from the relation.
h(V
a
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b
) = h(V
a
) ^ h(V
b
);
h(V
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h(V
a
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ular,
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It immediately follows that the Chern haraters of the "adjoint" V 
 V

bundle read
h
0
(V 
 V

) = 2r;
h
1
(V 
 V

) = 0;
h
2
(V 
 V

) = 2r h
2
(V )  (h
1
(V ))
2
; (A.5)
h
3
(V 
 V

) = 0:
For the Chern haraters of the antisymmetri and symmetri tensor produts
one an prove that (see e.g. [153℄)
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By ontrast, the total Chern lass (V ) of a vetor bundle V is dened as
(V ) = det(1 +
1
2
F ) =
min(r;d)
X
k=1

k
(V ) (A.8)
and satises
(V
a
 V
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(V
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) ^ (V
b
): (A.9)
In partiular 
0
(V ) = 1 and for a line bundle L all Chern lasses higher than
k = 1 vanish identially, (L) = 1 + 
1
(L).
The rst three Chern lasses and Chern haraters are related as
h
1
(V ) = 
1
(V );
h
2
(V ) =  
2
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(V );
h
3
(V ) =
1
2

3
(V ) 
1
2

1
(V ) ^ 
2
(V ) +
1
6

3
1
(V ): (A.10)
The relevane of the Chern haraters is obvious from their appearane in
the Hirzebruh-Riemann-Roh index theorem, whih ounts, as we reall from
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setion 2.2, the alternating Hodge numbers of the twisted Dolbeault omplex,
(M; V ) =
3
X
i=0
( 1)
i
dim(H
i
(M; V ) =
Z
M
h(V ) ^ Td(TM)
=
Z
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
h
3
(V ) +
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12

2
(TM) 
1
(V )

: (A.11)
The last line is valid only if the manifold has omplex dimension 3. The other
lowest dimensional ases follow from the denition of the Todd lasses
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(V ) =
1
2

1
(V ); (A.12)
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2
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: : :
Restriting ourselves again to the ase that dim(M) = 3, we an ompute the
Euler harateristis of produts of bundles V
a

 V
b
with the help of the formula
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Finally, for the Euler harateristi of the antisymmetri produt bundle
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and for the symmetri produt bundle
N
2
s
V
(
N
2
s
V ) = (r + 4)(V ) + 
1
(V )

h
2
(V ) 
1
4

2
(TM)

: (A.15)
A.2 Some general trae identities
We now display some useful trae identities for E
8
 E
8
, SO(32) and unitary
groups whih we have used in various plaes of this work. A more omplete
aount an also be found e.g. in [177℄.
The symbol tr denotes, unless we expliitly speify the representation other-
wise, the trae over the fundamental representation of a gauge group, while Tr
refers to the adjoint. The two objets are related as follows for the ases relevant
for our purposes:
Tr
SU(N)
F
2
= 2N tr
SU(N)
F
2
;
Tr
SO(N)
F
2
= (N   2) tr
SO(N)
F
2
; (A.16)
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:
In evaluating the eld theoreti anomaly six-forms we also enounter traes
over the symmetri and antisymmetri representations. For SU(N) the ones
relevant for us are given by
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The seond order Casimir for SO(N) is of ourse just
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A.3 Trae identities for the SO(32) heteroti string
We ollet here some useful trae identities for the spetrum of the SO(32) het-
eroti string U(n
i
) fators diagonally embedded into U(n
i
N
i
) as displayed in table
(4.1).
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Appendix B
Kahler one onstraints on
Calabi-Yau's with base dP
r
The DUY equations have to admit solutions for the Kahler parameters inside
the Kahler one, i.e. suh that the integral of powers of the Kahler form over all
appropriate yles are positive,
Z
2 yle
J > 0;
Z
4 yle
J
2
> 0;
Z
M
J
3
> 0: (B.1)
We expand the Kahler form on the elliptially bered Calabi-Yau as J = l
2
s
(r

+
J
B
) with J
B
= r
0
l +
P
r
m=1
r
m
E
m
being the Kahler form on the base manifold
dP
r
in terms of the anonial basis.
From the rst onstraint we read immediately that the radii must satisfy
r

> 0; r
0
> 0; r
m
< 0 for m 2 f1; :::; rg: (B.2)
The seond inequality,
R
J
2
> 0, holds preisely if in addition
r
2
0
 
r
X
m=1
r
2
m
> 0; r

<
2
3
r
0
; r

<  2r
m
for m 2 f1; ::; rg: (B.3)
Finally positivity of the volume of the Calabi-Yau neessitates that also
r
3

(9  r)  3r
2

(3r
0
+
r
X
m=1
r
m
) + 3r

(r
2
0
 
r
X
m=1
r
2
m
) > 0: (B.4)
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Appendix C
Transformation rules for multiple
U (1) fators
In this appendix we reall, using elementary linear algebra, the rules for the basis
transformation ourring when we dene spei linear ombinations of abelian
gauge fators.
Suppose we are given a Lagrangian invariant under the abelian gauge sym-
metries U(1)
m
, m 2 f1; : : : ;Mg, eah with generator T
m
, gauge potential A
m
and eld strength F
m
. The ovariant derivative of the ombined system of U(1)s
is written as D

= 

+ i(
~
A

)
T
~
T , where we have introdued an obvious vetor
notation for the various U(1)s. Consider now an orthogonal basis transformation
in the U(1)-spae suh that the harge vetor
~
Q of a partile is transformed as
~
Q  !
~
e
Q = X
~
Q; X
T
= X
 1
: (C.1)
Clearly this transforms the generators
~
T  !
~
e
T = X
~
T and thus
~
A  !
~
e
A = X
~
A; (C.2)
so that the ovariant derivative remains unhanged as it must.
Now suppose furthermore that the Lagrangian ontains mass terms for the
abelian gauge potentials, written shematially
L
mass
=
~
A
T
M
2
~
A; M
2
=M
T
M (C.3)
for some mass matrix M
2
. We reover furthermore the (k m) oupling matrix
M introdued in equ.(3.40), where the index k labels the various axions to whih
the abelian eld strengths ouple via M. Written in terms of the new gauge
elds
e
A the mass Lagrangian reads
L
mass
= (
~
e
A)
T
(XM
2
X
T
)
~
e
A = (
~
e
A)
T
D
~
e
A =
X
m
e
A
m
d
m;m
e
A
m
; (C.4)
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where we have assumed that the transformation is suh that it diagonalizes the
mass matrix M
2
. To nd the massless ombination of U(1) potentials just in
terms of the matrixM we stress the obvious fat that
D = XM
T
MX
T
= (MX
T
)
T
MX
T
: (C.5)
The gauge potential
e
A
m
is massless i 0 = d
m;m
, whih is equivalent to requiring
that the vetor M
~
X
(m)
= 0, where
~
X
(m)
= (a
1
; : : : ; a
m
) represents the m-th
olumn of X written as an m- vetor. We have therefore onvined ourselves of
the elementary fat that
e
A
m
=
X
m
a
m
A
m
is massless()
X
k
M
km
a
m
= 0: (C.6)
Preisely the same lines of reasoning apply, of ourse, to the transformation
of the gauge kineti funtion responsible for the oupling of the eld strengths
via
L
oup
= (
~
F )
T
f
~
F = (
~
e
F )
T
(XfX
T
)
~
e
F : (C.7)
Conretely, in setion 7.1.1 we dene
U(1)
X
=
1
2

U(1)
X
0
 
5
2
U(1)
2

; (C.8)
with the orthogonal U(1) given by
U(1)
e
X
=
1
2

5
2
U(1)
X
0
+
5
2
U(1)
2

: (C.9)
This yields the transformation matrix X =
1
2

1  
5
2
5
2
1

, whih is orthogonal
up to normalisation. In all, we nd indeed that
f
X;X
=
1
4

f
X
0
;X
0
+
5
2
f
2;2
  5f
X
0
;2

; (C.10)
as stated in equ.(7.13).
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Appendix D
Three-generation models
We list all onsistent, supersymmetri three-generation models we have found
by a omputer searh on elliptially bered Calabi-Yau spaes with base spaes
dP
r
, r = 1; : : : ; 4 and the Hirzebruh surfaes F
r
in a range from  10; : : : ; 10 for
all parameters. We have found three-generation models only on dP
4
. Table D.1
ontains the three-generation examples for the ipped SU(5) model disussed in
setion 7.1, whereas in table D.2 we list all three-generation vaua diretly with
MSSM gauge group (see setion 7.2) whih we have found.
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Table D.1: Flipped SU(5) U(1)
X
models on dP
4
.
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Table D.2: SU(3) SU(2) U(1) models on dP
4
.
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